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Abstract
The search for supersymmetry is among the most important tasks at current and future colliders.
Especially the production of coloured supersymmetric particles would occur copiously in hadronic
collisions. Since these production processes are of high relevance for experimental searches ac-
curate theoretical predictions are needed. Higher-order corrections in quantum chromodynamics
(QCD) to these processes are dominated by large logarithmic terms due to the emission of soft
gluons from initial-state and ﬁnal-state particles. A systematic treatment of these logarithms to
all orders in perturbation theory is provided by resummation methods. We perform the resum-
mation of soft gluons at next-to-leading-logarithmic (NLL) accuracy for all possible production
processes in the framework of the Minimal Supersymmetric Standard Model. In particular we
consider pair production processes of mass-degenerate light-ﬂavour squarks and gluinos as well
as the pair production of top squarks and non-mass-degenerate bottom squarks. We present
analytical results for all considered processes including the soft anomalous dimensions. More-
over numerical predictions for total cross sections and transverse-momentum distributions for
both the Large Hadron Collider (LHC) and the Tevatron are presented. We provide an estimate
of the theoretical uncertainty due to scale variation and the parton distribution functions. The
inclusion of NLL corrections leads to a considerable reduction of the theoretical uncertainty due
to scale variation and to an enhancement of the next-to-leading order (NLO) cross section pre-
dictions. The size of the soft-gluon corrections and the reduction in the scale uncertainty are
most signiﬁcant for processes involving gluino production. At the LHC, where the sensitivity
to squark and gluino masses ranges up to 3 TeV, the corrections due to NLL resummation over
and above the NLO predictions can be as high as 35 % in the case of gluino-pair production,
whereas at the Tevatron, the NLL corrections are close to 40 % for squark-gluino ﬁnal states
with supersymmetric particle masses around 500 GeV.

Zusammenfassung
Die Suche nach Supersymmetrie ist eine der wichtigsten Aufgaben an heutigen und zukünftigen
Teilchenbeschleunigern. Besonders die Produktion farbgeladener supersymmetrischer Teilchen
würde zahlreich in hadronischen Kollisionen stattﬁnden. Da diese Produktionsprozesse für die
experimentelle Suche von hoher Relevanz sind, werden präzise theoretische Vorhersagen benötigt.
Korrekturen höherer Ordnung in der Quantenchromodynamik (QCD) zu diesen Prozessen sind
aufgrund der Abstrahlung weicher Gluonen von Teilchen aus dem Anfangs- und Endzustand von
großen logarithmischen Termen dominert. Eine systematische Behandlung dieser Logarithmen zu
allen Ordnungen in der Störungstheorie ist mit Hilfe von Resummationsmethoden möglich. In die-
ser Arbeit wird die Resummation weicher Gluonen in nächstführender logarithmischer Ordnung
(NLL) für alle Produktionsprozesse farbgeladener supersymmetrischer Teilchen im Rahmen des
Minimalen Supersymmetrischen Standardmodells durchgeführt. Die betrachteten Prozesse sind
die Produktion massendegenerierter leicht-ﬂavour Squarks und Gluinos sowie die Paarproduktion
von Top- und nicht-massendegenerierten Bottom-Squarks. Es werden analytische Ergebnisse für
alle betrachteten Prozesse präsentiert, welche insbesondere die weichen anomalen Dimensionen
beinhalten. Desweiteren werden numerische Vorhersagen für totale Wirkungsquerschnitte und
Transversalimpulsverteilungen für den Large Hadron Collider (LHC) und das Tevatron gezeigt
und diskutiert. Darüberhinaus erfolgt eine Abschätzung der theoretischen Unsicherheit bezüglich
Skalenvariation und Partonverteilungen. Die Einbeziehung der NLL-Korrekturen führt zu einer
deutlichen Reduktion der theoretischen Unsicherheit bezüglich Skalenvariation und zu einem An-
stieg der Wirkungsquerschnitte im Vergleich zur Rechnung in nächstführender Ordnung (NLO).
Die Größe der weichen Gluonkorrekturen und die Reduktion in der Skalenunsicherheit sind be-
sonders signiﬁkant für Prozesse, die die Produktion von Gluinos beinhalten. Beim LHC, dessen
Sensitivität bis zu einem Massenbereich der Squarks und Gluinos von 3 TeV reicht, führt die
Einbeziehung der NLL-Korrekturen in die Vorhersagen für die Wirkungsquerschnitte zu einem
Anstieg von bis zu 35 % für die Produktion von Gluino-Paaren im Vergleich zur NLO-Vorhersage.
Für das Tevatron liegen die NLL-Korrekturen nahe 40 % für Squark-Gluino Endzustände bei ei-
ner Masse der supersymmetrischen Teilchen von 500 GeV.

Contents
1 Introduction 1
2 Supersymmetry 5
2.1 Basic ideas and motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.2 The Minimal Supersymmetric Standard Model . . . . . . . . . . . . . . . . . . . 6
3 Production of coloured supersymmetric particles at hadron colliders 11
3.1 Experimental searches . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
3.1.1 Searches for squarks and gluinos . . . . . . . . . . . . . . . . . . . . . . . 12
3.1.2 Searches for top and bottom squarks . . . . . . . . . . . . . . . . . . . . . 14
3.2 Theoretical status . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
3.2.1 Squark and gluino pair production . . . . . . . . . . . . . . . . . . . . . . 16
3.2.2 Stop and sbottom production . . . . . . . . . . . . . . . . . . . . . . . . . 17
4 Soft-gluon resummation 19
4.1 Factorised cross sections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
4.2 Factorisation and resummation for the Drell-Yan process . . . . . . . . . . . . . . 22
4.2.1 Near-threshold factorisation . . . . . . . . . . . . . . . . . . . . . . . . . . 23
4.2.2 From factorisation to resummation . . . . . . . . . . . . . . . . . . . . . . 28
4.3 Factorisation and resummation for coloured heavy (s)particles . . . . . . . . . . . 35
4.3.1 Near-threshold factorisation for coloured heavy (s)particles . . . . . . . . 37
4.3.2 From factorisation to resummation in QCD hard scattering . . . . . . . . 40
4.3.3 The resummed cross section up to NLL accuracy . . . . . . . . . . . . . . 44
4.3.4 Matching with NLO . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
4.3.5 Threshold resummation for the transverse-momentum distribution . . . . 47
5 Soft-gluon resummation for squark and gluino hadroproduction 49
5.1 Kinematics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
5.2 Colour bases in the s-channel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
5.3 Colour-decomposed leading-order partonic cross sections . . . . . . . . . . . . . . 54
5.3.1 Colour-decomposed leading-order partonic cross sections in momentum space 54
5.3.2 Colour-decomposed leading-order partonic cross sections in Mellin space . 60
5.4 Soft anomalous dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
5.4.1 Results for the soft anomalous dimension matrices at one-loop . . . . . . . 72
i
ii CONTENTS
5.4.2 The threshold limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
5.4.3 Calculation of one-loop eikonal integrals . . . . . . . . . . . . . . . . . . . 77
5.5 Soft radiative factors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
5.6 Next-to-leading order expansion of the resummed cross section . . . . . . . . . . 86
5.7 Numerical implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
5.7.1 Numerical implementation of the resummed cross section . . . . . . . . . 93
5.7.2 Parton density functions in Mellin space . . . . . . . . . . . . . . . . . . . 97
5.8 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
6 Soft-gluon resummation for top and bottom squark hadroproduction 121
6.1 Stop and sbottom pair production . . . . . . . . . . . . . . . . . . . . . . . . . . 121
6.1.1 Threshold resummation for the total inclusive cross section . . . . . . . . 124
6.1.2 Threshold resummation for the transverse-momentum distribution . . . . 126
6.2 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
6.2.1 Results for the total cross section . . . . . . . . . . . . . . . . . . . . . . . 129
6.2.2 Results for the transverse-momentum distribution . . . . . . . . . . . . . . 139
6.2.3 SUSY parameter dependence of stop and sbottom cross sections . . . . . . 142
7 Conclusions 147
A Eikonal Feynman rules 149
B Mellin transforms 151
C Relative contributions of diﬀerent initial states to the total cross section 152
C.1 Squark and gluino pair production . . . . . . . . . . . . . . . . . . . . . . . . . . 153
C.2 Stop-pair production . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157
Bibliography 159
Acknowledgement 167
Curriculum Vitae 169
1 Introduction
The Standard Model of particle physics (SM) is a quantum ﬁeld theory incorporating strong and
electroweak interactions. It has been extensively tested by experiments and conﬁrmed with high
accuracy [1]. Since it does not include gravitational interactions the SM is assumed to be only
an eﬀective theory valid at low energies. Further problems of the SM are the hierarchy problem
occurring in the Higgs sector, the non-uniﬁcation of the SM gauge couplings and that it does
not contain any particle which could act as source of dark matter. One of the most promising
candidates among possible extensions of the SM is supersymmetry (SUSY) [2, 3]. Supersymmetry
introduces a symmetry which relates fermionic and bosonic degrees of freedom. Among possible
supersymmetric extension of the SM, the one with the minimal supersymmetric particle content
is called the Minimal Supersymmetric Standard Model (MSSM) [4, 5]. Each SM particle is
paired with a supersymmetric particle (sparticle) which diﬀers by half a unit in spin. Since no
supersymmetric particles have been observed so far supersymmetry must be broken allowing
the superpartners to be heavier than the SM particles. If supersymmetry is realised around the
TeV-scale the hierarchy problem can be solved and the gauge couplings can be uniﬁed at a high
energy scale. Additionally, if R-parity [6] is conserved the lightest supersymmetric particle is
stable and an attractive dark matter candidate.
The search for supersymmetry is a central part of the physics programme at the proton–
antiproton collider Tevatron with a centre-of-mass energy of
p
S = 1:96 TeV and at the proton–
proton collider LHC, which started operation in 2010 at
p
S = 7 TeV and is designed for an energy
of
p
S = 14 TeV. In particular squarks and gluinos, the coloured supersymmetric particles, may
be produced copiously in hadronic collisions. The hadroproduction of top squarks (stops) is an
important special case, since the strong Yukawa coupling between top quarks, stops and Higgs
ﬁelds gives rise to potentially large mixing eﬀects and mass splitting [7]. The same holds, albeit
to a lesser extent, for bottom squarks (sbottoms). Moreover, if the scalar masses in uniﬁed
supersymmetric theories are evolved from universal values at high scales down to low scales, the
lighter of the stop mass eigenstates is generally driven to the lowest value in the entire squark
mass spectrum. The search for the lightest stop therefore plays a special role in the quest to ﬁnd
signals of supersymmetry at hadron colliders.
Searches at LEP [8, 9] and the Tevatron [10] – [20] have placed lower limits on the masses
of mass-degenerate light-ﬂavour squarks and gluinos as well as on the lighter stop and sbottom
mass eigenstates. Recently, ﬁrst results from searches at the LHC have been presented by the
CMS collaboration [21], extending these limits. The range of sensitivity will be extended into
the TeV-region as soon as the LHC operates at
p
S = 14 TeV [22, 23].
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Accurate theoretical predictions for inclusive cross sections are crucial to derive exclusion
limits for the masses of squarks and gluinos [10] – [21] and, in the case of discovery, they can be
used to determine sparticle masses and properties (see e.g. Refs. [24] – [27]).
The leading-order cross sections of the considered processes are known since many years [28,
29, 30]. Higher-order corrections associated with quantum chromodynamics (QCD) [31] – [42] and
electroweak eﬀects [43] – [50] have been studied and are subject of current research. The ﬁxed-
order QCD corrections are known at next-to-leading order (NLO) in SUSY-QCD [31, 32, 33].
The NLO SUSY-QCD corrections reduce the renormalisation and factorisation scale dependence
of the theoretical cross section predictions. In general these corrections also signiﬁcantly increase
the cross section with respect to the Born predictions if the renormalisation and factorisation
scales are chosen close to the average mass of the pair-produced sparticles. A signiﬁcant part of
these large corrections can be attributed to the threshold region where the partonic centre-of-
mass energy is close to the kinematic threshold for producing massive particles. In this region the
NLO corrections are dominated by the contributions due to soft gluon emission oﬀ the coloured
particles in the initial and ﬁnal state and by the Coulomb corrections due to the exchange
of gluons between the massive sparticles in the ﬁnal state. The soft-gluon contributions are
logarithmically enhanced near the threshold region and spoil the convergence of the perturbative
expansion in the strong coupling. In order to gain reliable theoretical predictions they need to
be controlled to all orders in perturbation theory which can be achieved by means of threshold
resummation. Since theoretical predictions for diﬀerential distributions also serve as input to the
experimental analyses, it is important to assess how the shape of the distributions is aﬀected by
higher-order corrections.
Subject of this work is the threshold resummation for all possible squark and gluino pair
production processes at hadron colliders. We use the traditional resummation formalism in
Mellin space and perform resummation at next-to-leading-logarithmic (NLL) accuracy. First
we consider the production of mass-degenerate light-ﬂavour squarks and gluinos and perform
threshold resummation for total cross sections. These processes oﬀer special cases which have
not been studied in the literature in the context of threshold resummation. These are the pair
production of massive colour octet particles and the production of a pair with unequal masses
in the ﬁnal state. In the second analysis we consider the production of stops and non-mass-
degenerate sbottoms. We perform threshold resummation for total cross sections as well as
for transverse-momentum distributions. The threshold resummation for transverse-momentum
distributions has been studied extensively for Standard Model processes, see e.g. Refs. [51] – [57],
but not yet for SUSY processes. The results of this thesis have been published in Refs. [58, 59].
The outline of the thesis is as follows. In Chapter 2 we brieﬂy introduce supersymmetry and
the MSSM. The production of coloured supersymmetric particles is content of Chapter 3. We
give an overview of experimental searches and discuss the theoretical status. Chapter 4 deals
with soft-gluon resummation for the pair production of coloured heavy (s)particles. We present a
detailed review of the derivation of resummed expressions for total cross sections and transverse-
momentum distributions. In Chapter 5 we apply the formalism of soft-gluon resummation to
squark and gluino hadroproduction. The calculation of each of the ingredients constituting the
resummed cross section up to NLL accuracy is presented in detail. Afterwards, we expand the
3resummed cross section up to NLO accuracy and compare with the threshold behaviour of the
NLO results. We describe the numerical implementation of the inverse Mellin transform of the
resummed cross section and discuss diﬀerent methods for the convolution with parton density
functions (PDFs). We brieﬂy comment on evolution programs for PDFs in Mellin space and com-
pare with standard PDF sets. Finally, we give numerical results for squark and gluino hadropro-
duction at the Tevatron and the LHC and study the impact of NLL resummation. In Chapter 6
we perform soft-gluon resummation for stop and non-mass-degenerate sbottom hadroproduction.
For these processes we consider both, total cross sections and transverse-momentum distribu-
tions. As in the previous chapter we provide analytical results and their derivations for each
component of the resummed cross section. We present numerical results for total cross sections
and transverse-momentum distributions, discuss the impact of NLL resummation and study the
SUSY parameter dependence. In Chapter 7 we summarise and draw our conclusions.

2 Supersymmetry
The Standard Model only provides an incomplete description of the universe. It does not include
gravitational interaction and is assumed to be a low-energy eﬀective theory of a more funda-
mental theory which describes physics to arbitrarily high energy scales. The typical scale where
gravitational interactions become important is the Planck scale Planck  1019 GeV. The only
scale in the SM is the scale of the electroweak symmetry breaking set by the vacuum expecta-
tion value of the Higgs ﬁeld v  102 GeV. If one assumes that the SM is an eﬀective theory
which is valid up to the Planck scale the hierarchy problem [60] – [64] occurs which addresses the
large diﬀerence between those scales. When calculating radiative corrections to the Higgs boson
mass one observes that they depend quadratically on a cut-oﬀ parameter which regulates the
UV-divergences. If this scale is chosen to be of the order of the Planck scale one would naturally
expect that the mass of the Higgs boson is also of this order of magnitude. Extreme ﬁne-tuned
cancellations between its bare mass and the radiative corrections are necessary to get a Higgs
mass at the electroweak scale. These ﬁne-tuned cancellations need to be present at every order in
perturbation theory. The hierarchy problem occurs then as a ﬁne-tuning or naturalness problem.
Another issue concerns the uniﬁcation of the three gauge couplings. The idea is to embed
the gauge groups of the Standard Model into a larger symmetry group, e.g. SU(5), with only
one coupling constant [65]. This concept is known as grand uniﬁcation. The grand uniﬁed group
is then spontaneously broken at a high energy scale to the gauge groups of the Standard Model.
The necessary condition to realise grand uniﬁcation is that the three gauge couplings of the SM
have to meet at some high energy scale, the grand uniﬁcation scale. The evaluation to higher
scales is performed by using renormalisation group equations which each of the couplings obey.
Within the Standard Model this uniﬁcation is not possible.
Moreover, the Standard Model does not provide a suitable particle which could act as a cold
dark matter candidate and account for the observed amount of cold dark matter in the universe.
Further questions address the large number of free parameters and assumptions in the theory.
Diﬀerent models have been proposed for physics beyond the Standard Model to solve the
abovementioned problems. Among these possible extensions supersymmetry is one of the most
promising candidates. In Section 2.1 we brieﬂy introduce the basic ideas of supersymmetry. Its
minimal realisation, the minimal supersymmetric extension of the Standard Model (MSSM), is
content of Section 2.2. We follow Refs. [66, 67] and references therein.
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2.1 Basic ideas and motivation
In supersymmetric theories the Poincaré algebra is extended to include a new symmetry that
connects bosonic and fermionic degrees of freedom. The group generators Q of such a symmetry
changes the spin of a particle by a unit one-half and thus turns bosonic into fermionic states and
vice versa
Qjboson >= jfermion > Qjfermion >= jboson > : (2.1)
These generators have to be fermionic in contrast to the bosonic operators of the gauge group
SU(3)C  SU(2)L  U(1)Y and the Lorentz group. The index C denotes colour, L left chirality
and Y the hypercharge. The irreducible representations of the supersymmetric algebra are called
supermultiplets. Each supermultiplet consists of fermionic and bosonic states whereas the num-
ber of fermionic and bosonic degrees of freedom is identical. Since the SUSY generators commute
with the generators of the gauge group particles in the same supermultiplet have to be in the
same representation of the gauge group. Thus a SUSY transform only changes the spin and
leaves all other internal quantum numbers unchanged. To construct a supersymmetric theory
new particles have to be introduced to form the supermultiplets. The supersymmetric partners
(superpartners) of the SM particles are called sparticles. In an unbroken supersymmetric exten-
sion of the SM particles and sparticles would have equal masses. In a minimal extension of the
SM one considers only one SUSY generator (N=1) which implies that each particle gets exactly
one superpartner. Extended supersymmetric models include more than one SUSY generator
(N>1).
In supersymmetric theories the hierarchy problem can be solved. The new particles con-
tribute to the radiative corrections of the Higgs boson mass. Since boson and fermion loops have
a relative minus sign the quadratic divergences are cancelled between SM and SUSY correc-
tions [63, 68, 69]. This cancellation is only guaranteed if SUSY is an exact symmetry. If SUSY
is broken the mass splitting between Standard Model and SUSY particles has to be smaller than
O(1TeV) otherwise the solution to the hierarchy problem would be spoiled. The SUSY particles
also contribute to the renormalisation group equations of the SM gauge couplings allowing for
a uniﬁcation at a high scale [65]. Furthermore, if R-parity is conserved, the theory provides a
dark matter candidate, see Section 2.2. It is possible to extend the global supersymmetry to a
local supersymmetry. This leads to a theory which includes general relativity and thus gravity.
Therefore a ﬁeld theory being invariant under local supersymmetry is called supergravity [70].
However, supergravity is not renormalisable and thus not a fundamental theory of gravity.
2.2 The Minimal Supersymmetric Standard Model
The MSSM is based on the gauge symmetry of the Standard Model and is realised by adding the
minimal amount of supersymmetric particles to the SM. This minimal amount of supersymmet-
ric particles consists of bosonic superpartners (squarks, sleptons) for the SM fermions (quarks,
leptons) which are described by chiral superﬁelds, see Table 2.1, and fermionic superpartners to
the gauge bosons which are called gauginos. Gauge bosons and gauginos are described by vector
superﬁelds, see Table 2.2. After electroweak symmetry breaking the gauginos mix to give the
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Names spin 0 spin 1/2 SU(3)C; SU(2)L; U(1)Y
squarks, quarks Q (~uL ~dL) (uL dL) ( 3; 2 ; 16)
(3 families) u ~uR uyR ( 3; 1;  23)
d ~dR d
y
R ( 3; 1;
1
3)
sleptons, leptons L (~ ~eL) ( eL) ( 1; 2 ;  12)
(3 families) e ~eR eyR ( 1; 1; 1)
Higgs, higgsinos Hu (H+u H0u) ( ~H+u ~H0u) ( 1; 2 ; +
1
2)
Hd (H
0
d H
 
d ) (
~H0d
~H d ) ( 1; 2 ;  12)
Table 2.1: Chiral supermultiplets in the MSSM [66].
Names spin 1/2 spin 1 SU(3)C; SU(2)L; SU(1)Y
gluino, gluon ~g g ( 8; 1 ; 0)
winos, W bosons ~W ~W 0 W W 0 ( 1; 3 ; 0)
bino, B boson ~B0 B0 ( 1; 1 ; 0)
Table 2.2: Gauge supermultiplets in the MSSM [66].
mass eigenstates photino and zino, corresponding to photons and Z-bosons. The Higgs sector is
extended to two Higgs doublets in order to generate masses for up- and down-type quarks. The
corresponding superpartners are the spin-1/2 higgsinos. The higgsinos mix with the winos and
the bino to give the mass eigenstates charginos and neutralinos.
R-parity
The most general form of a gauge-invariant renormalisable superpotential in the MSSM includes
lepton number (L) and baryon number (B) violating interactions. The occurrence of both of
these interactions would lead to a rapid proton decay which is not observed experimentally. In
order to be in accordance with the experimental constraints a new symmetry is imposed in the
MSSM, the so called R-parity [6] or equivalently matter parity [71]-[74]. For each particle a
multiplicative quantum number is deﬁned as
PR = ( 1)3(B L)+2s; (2.2)
where s is the spin of the particle. Particles of the Standard Model including Higgs bosons have
even parity (PR = 1), whereas supersymmetric particles have odd parity (PR =  1). R-parity
conservation implies that every interaction vertex contains an even number of sparticles which
has the following phenomenological consequences. First, the lightest sparticle (LSP) has to be
stable and is an attractive candidate for non-baryonic dark matter if it is electrically uncharged
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and thus only weakly interacting. Charged or strongly interacting particles are excluded by
experimental constraints [75, 76]. Possible candidates are the lightest neutralino or a sneutrino
whereas the neutralino is the most plausible candidate in most models, see e.g. [77]. Secondly,
the sparticles are produced in pairs and their decay products must contain an odd number of
LSPs.
Supersymmetry breaking
Since no degenerate states of sparticles with SM particles are observed in experiments SUSY has
to be broken. Being a global continuous symmetry, SUSY can be broken either spontaneously or
explicitly. The exact breaking mechanism is not yet understood at a fundamental level. However,
one can parametrise the breaking terms at a low scale and add them to the supersymmetric
Lagrangian. The explicit breaking terms need to be soft in order not to reintroduce divergences
endangering the solution of the hierarchy problem whereas soft means that the terms have positive
mass dimension. The breaking terms are classiﬁed as mass terms for scalar particles, mass terms
for gauginos and bilinear and trilinear couplings for scalar ﬁelds [78]. These terms lead to the
phenomenological required non-degenerate masses for sparticles and particles. Deﬁned in this
way, the MSSM is an eﬀective theory valid at low scales. The upper bound put on the mass
spectrum of the sparticles is of O(1 TeV).
If SUSY is broken spontaneously the Lagrangian remains invariant under SUSY transforms
but has a vacuum state that is not invariant. To achieve spontaneously symmetry breaking in
a phenomenologically viable model causes severe problems. It would require the extension of
the MSSM such that it includes new particles and interactions occurring at high mass scales.
Therefore one considers models in which the soft supersymmetric breaking terms arise indirectly
or radiatively. One assumes SUSY breaking takes place in a “hidden sector” which has no direct
couplings to the “visible sector”, which is the MSSM. The SUSY breaking is mediated to the
visible sector via an interaction which both parts have in common. As a result, the explicit soft
SUSY breaking terms of the MSSM are generated. The three most popular models studied for
SUSY breaking mechanism are models in which the breaking is mediated through gravitational
interactions, supergravity models, through gauge interactions (GMSB) [79] – [82] and anomaly
mediated supersymmetry breaking (AMSB) [83] – [84].
The supersymmetric Lagrangian with its soft breaking terms introduces 105 new parameters
in addition to the 19 parameters of the Standard Model. They can be reduced if experimental
constraints are taken into account. They are based on the absence of ﬂavour changing neutral
currents and beyond Standard Model CP violation. The parameters can be reduced even further
when assuming additional simpliﬁcations which are usually motivated by specifying the SUSY
breaking mechanism. An example of such a constrained MSSM is the minimal supergravity
model (mSUGRA) [85] – [88].
Minimal Supergravity
In the mSUGRA model one requires that the MSSM parameters obey a set of boundary condi-
tions at the uniﬁcation scale GUT . The uniﬁcation scale is ﬁxed by the uniﬁcation of the three
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gauge couplings. The masses of the scalar particles are universal and given by m0 at GUT .
The same holds for the masses of the gauginos where the universal mass is denoted by M1=2.
The trilinear couplings are determined by the universal parameter A0. The mass and coupling
parameters are evolved to the electroweak scale by using renormalisation group equations which
obey the above boundary conditions. To obtain the complete set of parameters determining
the low energy spectrum of the MSSM two additional parameters need to be taken into account.
These parameters are the bilinear coupling B and the mass parameter  which enters through the
Higgs sector. They can be further constrained by ensuring that electroweak symmetry breaking
is implemented correctly at a low energy scale. Thus, the complete set of parameters is given by
ﬁve parameters
fm0;M1=2; A0; sgn(); tan()g ; (2.3)
where tan() is the ratio of the vacuum expectation values of the two Higgs doublets.
The particle spectrum of the QCD part of the MSSM
In this paragraph we concentrate on the QCD part of the MSSM which is relevant for the
considered processes of this thesis. The particle spectrum consists of quarks, gluons and their
supersymmetric partners squarks and gluinos.
After electroweak symmetry breaking, SU(2)L  U(1)L ! U(1)em, scalar superpartners of
the same colour and electric charge can mix. The mixing between left- and right-handed squarks
is caused by Yukawa terms in the superpotential. Thus the mixing eﬀects are proportional to
the mass of the corresponding fermion mass and can be neglected for squarks of the ﬁrst two
families. Additionally, the mixing between generations can be neglected due to phenomenological
constraints. Taking this into account the stop mass term can be written as
Lstopmasses =  

~tL ~t

R

m2~t
0B@~tL
~tR
1CA ; (2.4)
where the squared mass matrix m2~t is a 2 2 matrix. The oﬀ-diagonal terms of the mass matrix
describe the L-R mixing and are proportional to the top mass. By diagonalising the mass matrix
the top squark mass eigenvalues are obtained. Assuming real parameters we get0B@~t1
~t2
1CA =
0B@ cos (~t) sin (~t)
  sin (~t) cos (~t)
1CA
0B@~tL
~tR
1CA ; (2.5)
where ~t is the stop mixing angle determined by Standard Model and soft supersymmetry break-
ing parameters [7]. The same applies also for bottom squarks but the mixing eﬀects are smaller in
that case. The mass eigenstate ~t1 is predicted to be the lightest particle in the squark spectrum.
Since the gluino is the only colour octet fermion, it cannot mix with other particles in the
MSSM. The gluino mass is thus determined by the mass parameter in the soft breaking term.

3 Production of coloured supersymmetric par-
ticles at hadron colliders
In the MSSM with R-parity conservation SUSY particles are produced in pairs. In hadronic
collisions, which we consider throughout this thesis, both squarks and gluinos can be produced
directly at leading order. For the production of coloured SUSY particles these are squark pairs,
gluino pairs and mixed squark-gluino ﬁnal states, see Chapter 5. High cross sections are expected
since their production mechanism proceeds via the strong interaction, see Fig. 3.1. In general
such processes are the dominant sparticle production processes.
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Figure 3.1: The production cross sections for sparticle production processes at the Tevatron (left)
and the LHC (right) as a function of the average mass m of the produced particle pair [33, 34,
89, 90, 91].
Each of the produced squark and gluino pairs preliminary decays via long decay chains
including Standard Model particles and the lightest SUSY particle (LSP), see Section 2.2. Typ-
ically the LSP is assumed to be the neutralino. Since the LSP interacts only weakly it escapes
detection. The result is large missing transverse energy in the signature of the event. The cascade
decays depend in detail on the SUSY parameters and consist of jets plus leptons and the LSPs.
Therefore, experimental searches depend on a speciﬁc SUSY model. The analytical results for
the production processes do not depend on a speciﬁc model. Only when calculating numerical
results the required parameters as e.g. the squark or the gluino mass depend on a chosen model.
In the analysis of the production of light-ﬂavour squarks, top squark ﬁnal states are excluded
and the light-ﬂavour squarks are taken as mass degenerate. Due to possible large mixing eﬀects
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for stops the mass of the lightest stop quark can be the lightest of all squarks and their production
is discussed separately. Mixing eﬀects have to be taken into account for both third generation
squarks which means also for sbottoms. Although possible mixing eﬀects are smaller as in the
stop case and become relevant only in a speciﬁc region of the SUSY parameter space we discuss
the production of bottom squarks separately.
First we review the status of experimental searches in Section 3.1. In Section 3.2 we give an
overview of the theoretical status of the considered processes.
3.1 Experimental searches
3.1.1 Searches for squarks and gluinos
In the following we brieﬂy review experimental searches for light-ﬂavour squarks (~q 6= ~t) and
gluinos. The squarks are assumed to be degenerate in their mass. The most constraining limits
result from searches at the Tevatron at
p
S = 1:96 TeV and are obtained by CDF [11] and
D; [10]. These analyses are based on a search for multijet events plus large missing transverse
energy =ET . The number of jets depend on the accessible decay modes which in turn depend on
branching ratios and mass hierarchies. In Refs. [10, 11] they are obtained within the framework
of mSUGRA. In [10] the analysis has been optimised for three benchmark scenarios depending
on the region of the SUSY parameter space. For low values ofm0 squarks are lighter than gluinos
and the dominant production process is squark-antisquark production. The latter predominantly
decays according to ~q ! q ~01, thus leading to a topology consisting of two acoplanar jets and
missing transverse energy =ET . For large values of m0 squarks are signiﬁcantly heavier than
gluinos and gluino-pair production dominates. The gluinos mainly decay via ~g ! qq ~01 which
leads to a topology containing at least four jets and =ET . For m~q = m~g the contribution from the
production of squark-gluino pairs becomes relevant, resulting in a topology with at least three
jets and =ET . The experimental analysis was optimised by applying diﬀerent selection criteria
for these three benchmark topologies. SM background processes, i.e. having the same topology,
result from the production of W- or Z-bosons in association with jets, pairs of W- and Z-bosons
or top production. The missing transverse energy in the signatures of such processes is due to
neutrinos which result from the decay of W- and Z-bosons. It was found that the observed data
are in agreement with SM predictions. Lower mass bounds on squarks and gluinos can be set by
comparing the theoretical prediction for the inclusive squark and gluino production cross section
with the observed upper limit on the cross section given at 95 % C.L. including statistical and
systematic uncertainties, see Fig. 3.2. Squark and gluino cross sections have been calculated at
the NLO level using Prospino [92]. PDF uncertainties and uncertainties due to the variation of
renormalisation scale R and factorisation scale F with F = R have been taken into account.
This has been done by varying them by a factor of two around the central value at F = m where
m denotes the average mass of the produced sparticles. The D; analysis has been performed
with data corresponding to an integrated luminosity L=2.1 fb 1 in the mSUGRA scenario with
tan = 3, A0 = 0 and  < 0. The lower mass limits obtained therein are m~g > 308 GeV and
m~q > 392 GeV, see Fig. 3.2. A similar analysis was performed by the CDF collaboration [11] with
L=2.0 fb  1. In the considered mSUGRA scenario with tan = 5, A0 = 0 and  < 0 all squark
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Figure 3.2: Left: For tan = 3, A0 = 0,  < 0, observed (closed circles) and expected (opened
triangles) 95 % C.L. upper limits on squark and gluino production cross sections. The nominal
production cross sections are also shown, with shaded bands corresponding to the PDF and scale
uncertainties [10].
Right: In the gluino and squark mass plane, excluded regions at the 95 % C.L. by direct searches
in the mSUGRA framework with tan = 3, A0 = 0,  < 0. Regions excluded by previous
experiments are indicated in light shading. The region where no mSUGRA solution can be
found is shown hatched [10].
masses are excluded for m~g < 280 GeV and for mass-degenerate squarks and gluinos the limit
m~g = m~q > 392 GeV has been set. Currently a reanalysis of the CDF data using NLO+NLL
theoretical cross section predictions is under investigation [93].
The ﬁrst search for squarks and gluinos in events with large missing transverse energy and
two or more jets at the LHC running at 7 TeV with a dataset corresponding to 35 pb 1 have
recently been presented by the CMS collaboration [21]. These results signiﬁcantly expand the
mass range excluded by previous searches from Tevatron, see Fig. 3.3 for details. The LHC atp
S = 14 TeV will extend the range of sensitivity to squarks and gluinos with masses up to about
3 TeV [22, 23, 94].
In some supersymmetric models, as e.g. split supersymmetry [95], the existence of long-lived
particles are predicted. Results for the search for long-lived gluinos produced at the LHC running
at 7 TeV have recently been published by the CMS collaboration using data corresponding to an
integrated luminosity of 10 pb 1 [96]. In this analysis NLO+NLL cross section predictions are
used which have been calculated in this thesis. The results are shown in Fig. 3.4. Gluino masses
below 370 GeV are excluded for lifetimes from 10 s to 1000 s for a mass diﬀerence of gluino and
chargino larger than 100 GeV.
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Figure 3.3: Measured (red line) and expected (dashed blue line) 95 % C.L. exclusion contour at
NLO in the CMSSM (m0;m1=2)-plane for tan = 3, A0 = 0 and sign() > 0. The measured LO
exclusion contour is shown as well (dot-dashed green line). The area below the curves is excluded
by this measurement. Exclusion limits obtained from previous experiments are presented as ﬁlled
areas in the plot. Grey lines correspond to constant squark and gluino masses [21].
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Figure 3.4: 95 % C.L. limits on gluino-pair production cross section times branching fraction as
a function of gluino mass. The m~g  m~01 mass diﬀerence is maintained at 100 GeV; results are
only presented for m~01 > 50 GeV [96].
3.1.2 Searches for top and bottom squarks
As discussed previously, the lighter stop mass eigenstate ~t1 is expected to be the lightest squark
and has a large cross section. Moreover the mass of the ~t1 may also be lighter than the mass
of its SM partner, the top quark. This is diﬀerent to all other squarks which are expected to
be heavier than their Standard Model partners. A light stop mass obeying m ~t1 . 135 GeV
is required for realising electroweak baryogenesis in the framework of the MSSM, see [97] and
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references therein. Due to the above reasons the light stop ~t1 is of special interest. The production
cross section for stop-antistop production predominantly depends on the stop mass only. This
is due to the fact that the leading-order cross section only depends on the stop mass while any
other SUSY parameter enters through higher orders in perturbation theory, see Chapter 6. It
has been shown in Ref. [34] that the SUSY parameter dependence of the NLO cross section is
numerically negligible. Thus limits on the production cross section can directly be used to obtain
lower limits on the stop mass independent of any other SUSY parameter. This is diﬀerent to
squark and gluino pair production processes where the leading-order cross sections depend also
on the mass ratio of squark and gluino. In principle the production of mixed stop pairs, ~t1~t2 or
~t2
~t1, allows for a determination of the stop mixing angle. However, mixed stop pairs can only be
produced at higher orders in perturbation theory. Thus their cross sections are suppressed and
numerically very small at the Tevatron and at the LHC [34]. The stops can decay via several
modes depending on the mass hierarchies of the involved particles. For details on the possible
decay modes we refer to Ref. [98].
Current experimental bounds result from searches at the Tevatron from D; and CDF. The
decay modes accessible at the Tevatron lead to exclusion limits for the stop mass depending on
the chargino mass and/or neutralino mass [16, 15, 20] or the sneutrino mass [19]. In Ref. [19]
the top squark is assumed to decay via ~t ! bl+ ~l with a branching ratio of 100 %. A further
assumption made in [19] is that the sneutrino is the lightest supersymmetric particle or decays
invisibly into a neutrino and a neutralino. Thus, the signature of the event considered in the
experimental analysis is two opposite-sign leptons, missing transverse energy and at least one jet.
The ﬁnal-state leptons taken into account in this analysis are electrons or muons. The results are
shown in Fig. 3.5. In the (m ~t1 ;m~)-plane the following 95 % exclusion bounds have been set: for
m~ < 110 GeV the stop mass limit is given by m~t1 > 210 GeV with m~t1  m~ > 30 GeV. In [20]
the loop-induced and ﬂavour changing decay into a charm quark and a neutralino is considered,
~t1 ! c1 ~01, assuming a branching fraction of 100 %. In a dataset corresponding to L=2.6 fb 1
stop masses up to 180 GeV are excluded. The LHC will extend the mass range for stop searches
into the TeV-region, see Ref. [22, 23], and decay modes which are kinematically not accessible at
the Tevatron are reachable at the LHC as e.g. ~t! t~01.
The most stringent bounds for sbottom-pair production are set by an analysis from the D;
collaboration, see [18]. In this analysis the sbottoms are assumed to decay via ~b1 ! b~01 with a
branching ratio of 100 %. Lower limits on the sbottom mass depend on the neutralino mass and
are shown in Fig. 3.5. Sbottom masses up to 247 GeV are excluded.
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Figure 3.5: Left: The observed (expected) 95 % C.L. exclusion region in the (m~t;m~01)-plane
includes all mass points below the solid (dashed) line. The shaded band around the expected
limit shows the eﬀects of the scalar top quark pair production cross section uncertainty. The
kinematically forbidden region is represented in the upper left [19].
Right: The 95 % C.L. exclusion contour in the (m~b1 ;m~01)-plane. The kinematically forbidden
region is represented in the upper left [18].
3.2 Theoretical status
3.2.1 Squark and gluino pair production
In the following we consider light-ﬂavour mass-degenerate squark and gluino pair production
processes. The cross sections for these processes are known at LO [28, 29, 30] and at NLO in
SUSY-QCD [31, 32, 33]. Both are implemented into the publicly available program Prospino [92].
The NLO SUSY-QCD corrections to squark and gluino hadroproduction reduce the theoretical
uncertainty due to scale variation. In general the NLO corrections signiﬁcantly increase the cross
section with respect to the LO predictions if the renormalisation and factorisation scales are
chosen close to the average mass of the pair-produced sparticles. At the Tevatron the corrections
range between 10 % and 90 % depending in detail on the masses of squark and gluino. The
mass dependence is especially large for processes which involve at least one gluino in the ﬁnal
state. For the LHC the corrections for squark-antisquark and squark-squark production are up
to 30 % for squark masses at 1 TeV. For gluinos in the ﬁnal state they are signiﬁcantly larger
and depend stronger on the mass ratio of squark and gluino. For masses around 1 TeV they
are 40 % for squark-gluino pairs and 100 % for gluino pairs. The transverse-momentum
distributions remain nearly unchanged compared to the LO results.
As discussed in Chapter 1 the resummation of threshold logarithms is needed in order to ob-
tain reliable theoretical predictions. Parallel to this work the soft-gluon resummation for squark-
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antisquark and gluino-gluino production at NLL accuracy using the Mellin space approach has
been performed in [36, 37]. For the squark-antisquark production process the dominant contri-
bution to the next-to-next-to-leading order (NNLO) correction coming from the resummed cross
section at next-to-next-to-leading-logarithmic (NNLL) level has been studied in [38]. More-
over, a formalism allowing for simultaneous resummation of soft and Coulomb gluons in the
production of coloured sparticles has been presented in [39, 40]. Numerical results have been
provided for squark-antisquark production using this formalism up to NLL accuracy and includ-
ing bound-state eﬀects [40]. Bound-state eﬀects for gluino-pair production have been studied in
Refs. [41, 42].
Electroweak corrections to the O(2s ) tree-level production [43] – [46] and the electroweak
Born production channels of O(s) and O(2) [47, 48] are signiﬁcant for the pair production
of SU(2)-doublet squarks ~qL and at large invariant masses in general, but they are moderate for
total cross sections summed over all squark species.
3.2.2 Stop and sbottom production
The cross sections for the stop-pair production have been calculated at NLO in SUSY-QCD [34].
The SUSY-QCD calculation of Ref. [34] has been implemented in the public computer code
Prospino [92]. The SUSY-QCD corrections signiﬁcantly reduce the renormalisation and fac-
torisation scale dependence and increase the cross section with respect to the leading-order
predictions if the renormalisation and factorisation scales are chosen close to the stop mass. The
corrections can be as high as 40 % for light stop masses around 100 GeV. The SUSY parameter
dependence has been found to be small. The NLO corrections soften the transverse-momentum
distribution considerably. The production of non-mass-degenerate bottom squarks at LO and
NLO in SUSY-QCD has been implemented in Prospino [92] in analogy to stop production.
Sbottom induced processes are not considered. As in the case of light-ﬂavour squark production,
a signiﬁcant part of the NLO SUSY-QCD corrections comes from the threshold region where
corrections due to soft gluon radiation and Coulomb corrections dominate. Similar to the total
cross section, soft-gluon corrections can also dominate the transverse-momentum distribution of
the stops if the production takes place suﬃciently close to the edge of phase space. The eﬀects of
soft gluon emission can be taken into account to all orders in perturbation theory by performing
threshold resummation.
Electroweak corrections to stop-pair production have been calculated as well [49, 50]. Al-
though they can be sizeable at large invariant masses and large transverse momenta, they are
moderate for the inclusive stop cross section.

4 Soft-gluon resummation
The aim of this chapter is to describe the resummation of threshold logarithms for the production
of coloured heavy (s)particles in hadronic collisions. We start with the factorised cross section
describing hadronic cross sections in terms of parton densities and the perturbative hard scatter-
ing function in Section 4.1. Beyond leading order the hard scattering function contains singular
distributions which become large close to the partonic threshold. In this limit the radiation
of gluons is restricted to be soft. The singular distributions spoil the convergent behaviour of
the series expansion in the strong coupling of the hard scattering function. Thus, for a reliable
theoretical prediction they need to be summed to all orders in perturbation theory which can be
done by means of threshold resummation.
In Section 4.2 we discuss resummation for the Drell-Yan process, as an example for the pro-
duction of a colour singlet state, for which resummation was ﬁrst derived. Since resummation of
soft gluons is based on the factorisation properties of the cross section near partonic threshold we
discuss this issue in Section 4.2.1. Afterwards, in Section 4.2.2, we describe how this refactorised
form near partonic threshold directly leads to resummation and review the derivation of the
resummed cross section up to next-to-leading-logarithmic accuracy.
In Section 4.3 we discuss resummation for the production of a pair of massive coloured
(s)particles. In such processes the hard scattering function contains not only colour singlet
conﬁgurations. Additionally, soft gluons can also be emitted from the coloured ﬁnal-state par-
ticles which in general leads to a mixing of the colour structures of the hard process. Taking
this into account, near-threshold factorisation is described in Section 4.3.1 followed by a re-
view of the derivation of the resummed formula up to next-to-leading-logarithmic accuracy in
Sections 4.3.2 and 4.3.3. The matching procedure of the resummed result with the next-to-
leading order corrections is explained in 4.3.4. Finally, we discuss threshold resummation for the
transverse-momentum distribution in Section 4.3.5.
4.1 Factorised cross sections
We follow Ref. [99] and start with the deﬁnition of infrared safety which is a fundamental concept
of perturbative QCD. Infrared safe quantities are quantities that are dominated by the short-
distance behaviour of the theory. Such quantities cannot depend sensitively on the masses of
quarks and do not contain infrared divergences associated with the long-distance behaviour of
the theory. Due to asymptotic freedom [100, 101] infrared safe quantities can be calculated using
perturbation theory. To be more speciﬁc we consider a generic physical quantity, e.g. a cross
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Figure 4.1: General factorisation theorem in cut diagram notation
section, (Q2=2R; S (
2
R);m
2=2R), where Q are “large” invariants with Q   and  is the
QCD-scale parameter, S the strong coupling constant, m denotes light quark masses or the
vanishing gluon mass, and the renormalisation scale is denoted by R. To be infrared safe this
quantity has to behave in the large-R limit as


Q2
2R
; S (
2
R);
m2(2R)
2R

! ^

Q2
2R
; S (
2
R)

+O

m2
2R
a
a > 0 ; (4.1)
which states that  should approach a limit as m=R ! 0, with Q=R held ﬁxed. The separation
of such infrared safe quantities from long distance eﬀects is called factorisation. The underlying
assumption is the incoherence of short- and long-distance eﬀects. Factorisation theorems play
the essential role to improve the basic parton model, see e.g. [102], and make it applicable to
hadronic cross sections beyond leading order in perturbation theory. An inclusive hadronic cross
section for a process h1h2 ! B can therefore be written as
h1h2!B(P1; P2) =
X
i;j
Z 1
0
dx1
Z 1
0
dx2 fi=h1(x1; 
2
F )fj=h2;F (x1; 
2
F )
 ^ij!B

p1; p2; S (
2
R);
Q2
2R
;
Q2
2F

; (4.2)
where P1; P2 are the momenta of the incoming hadrons and p1 = x1P1; p2 = x2P2 are the
momenta of the colliding partons i; j inside the hadrons producing the ﬁnal state B. The hard
scattering scale is denoted by Q. The factorisation in Eq. (4.2) is valid up to power corrections,
O(1=Q2)-terms, which vanish for Q2 ! 1, and illustrated in Fig. 4.1. The parton distribution
functions fi=h1(x1; 
2
F ); fj=h2(x2; 
2
F ) are universal in the sense that they do not depend on the
underlying hard scattering process. Such a distribution fi=h1 describes the probability of ﬁnding
a parton i with momentum fraction x1 inside the hadron h1. This probability interpretation is
only valid for the leading-order expression, see below. Since the parton distributions are long-
distance quantities they cannot be calculated in perturbation theory and need to be determined
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from experimental data. The cross section ^ij!B is infrared safe and therefore calculable order by
order in perturbation theory. It is obtained from the partonic hard scattering function. Beyond
leading order in perturbation theory the latter contains collinear initial-state singularities, arising
if a parton is emitted with vanishing transverse momentum kT ! 0. The collinear initial-
state singularities are factorised into the parton distribution functions which is accomplished
by analysing the factorised form in Eq. (4.2) with the external hadrons treated as partons,
i.e. h1 = i; h2 = j. Then the parton densities are parton-in-parton densities fi=i which can
be calculated in perturbation theory. They absorb the collinear initial-state singularities which
renders ^ij!B ﬁnite. The factorisation holds order by order in perturbation theory. The functions
fi=h1(x1; 
2
F ); fj=h2(x2; 
2
F ) and ^ij!B
 
p1; p2; S (
2
R); Q
2=2R; Q
2=2F

depend on the scale F .
This scale is known as factorisation scale and can be interpreted as the scale at which short- and
long-distance eﬀects are separated. The dependence on the factorisation scale vanishes if each
part on the r.h.s. of Eq. (4.2) is determined to all orders
F
d
dF
= 0 : (4.3)
The same holds for the renormalisation scale R. The dependence of the parton distributions on
the factorisation scale is governed by the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)
equations [103] – [106]. Their evolution kernels, called splitting functions, can be calculated
perturbatively. We refer to Section 5.7.2 for further details. A common choice is to identify the
factorisation with the renormalisation scale  = R = F and to set it to the scale of the hard
scattering process  = Q.
Even if the hard scattering function ^ij!B is infrared safe it contains at n-th order in
perturbation theory corrections of the form [107]
n
S
n!

logm(1  z)
1  z

+
; m  2n  1 (4.4)
with z = Q2= (x1x2S), where S is the hadronic centre-of-mass energy squared. The plus distri-
bution is deﬁned byZ 1
y
dz

logm(1  z)
1  z

+
g(z) =
Z 1
y
dz

logm(1  z)
1  z

[g(z)  g(1)]  g(1)
Z y
0
dz

logm(1  z)
1  z

;
(4.5)
where g(z) is a smooth function as for example parton densities. The plus distributions in 1  z
are left over after cancellation of the IR-poles between virtual and real corrections and become
large near partonic threshold z  1. At partonic threshold z = 1 the initial-state particles have
just enough energy to produce the ﬁnal state without any further emission of gluons into the
ﬁnal state. Near threshold the energy available for additional gluon emission is still severely
restricted so that all emission is forced to be soft. This results in logarithmically enhanced
terms in Eq. (4.4) which are present at every order in perturbation theory. Since they spoil the
convergent behaviour of the series expansion in S of the cross section they need to be organised
to all orders in perturbation theory for a reliable theoretical prediction. The organisation of
threshold logarithms to all orders in perturbation theory is known as threshold resummation or
soft-gluon resummation which will be explained in detail in the following sections.
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q(p1) l
q¯(p2) l¯
B(ll¯(Qµ))
Figure 4.2: Leading-order diagram for the Drell-Yan process
z = 1 z ≤ 1
(1 − z)√s
Figure 4.3: Examples of virtual and real corrections to the Drell-Yan process
4.2 Factorisation and resummation for the Drell-Yan process
Since resummation was ﬁrst derived for the Drell-Yan process, see Refs. [107] – [110], we start
with a review of the latter. We mainly follow Refs. [107, 111, 112]. We consider the process
where two hadrons with momenta p1 and p2 scatter to produce a lepton pair of momentum Q,
h1(P1)h2(P2)! l l(Q) +X : (4.6)
The leading-order partonic process is shown in Fig. 4.2. The factorised form of the inclusive
cross section for this process reads
dh1h2!B
dQ2
= 0
X
i;i
Z 1
0
dx1
x1
dx2
x2
fi=h1(x1; 
2)fj=h2(x2; 
2)!ii!B

z;
Q2
2
; S (
2)

; (4.7)
with the partonic threshold variable z = = (x1x2), while  = Q2=S is its hadronic version. The
factorisation and renormalisation scale are taken equal and are denoted by . The Born cross
section reads 0 = 42=
 
9SQ2

, where  is the ﬁne-structure constant. The hard scattering
function !ii!B (z) is normalised to
!ii!B (z) = (1  z) +O(S ) (4.8)
and can be calculated order by order in perturbation theory. It has been shown in Refs. [113, 114]
that the order S corrections to this process !ii!B contain plus distributions of the type given
in Eq. (4.4) with n = 1. Examples for virtual and real corrections are shown in Fig. 4.3. To
study these corrections it is useful to calculate Mellin moments with respect to the variable  of
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Eq. (4.7), deﬁned by
~h1h2!B(N) 
Z 1
0
d N 1
1
0
d
dQ2
=
X
i;j
~fi=h1(N;
2) ~fi=h2(N;
2) ~!ii!B

N;
Q2
2
; S (
2)

; (4.9)
where
~!ii!B (N) =
Z 1
0
dz zN 1 !ii!B (z) (4.10)
and for the parton distribution function ~fi=h1(N;
2)
~fi=h1(N;
2) =
Z 1
0
dx1 x
N 1
1 fi=h1(x1; 
2) (4.11)
and analogously for ~fi=h2(N;
2). The resulting equation is now a simple product of Mellin
moments instead of a convolution. Singular distributions in 1   z of the type of Eq. (4.4) turn
to logarithms of N throughZ 1
0
dz zN 1

logm(1  z)
1  z

+
=
( 1)m+1
m+ 1
logm+1( N) +O  logm 1( N) ; (4.12)
when considering large values of N . Thus we can neglect terms of relative order 1=N . Note that
the limit N ! 1 is the equivalent of the limit z ! 1. In Eq. (4.12) we take into account only
leading logarithms in N with N = N exp(E) where E is the Euler constant. In the large-N
limit we can replace N by N in Eq. (4.12) when considering leading logarithms. To treat these
logarithms systematically within perturbation theory we start with a refactorisation of the cross
section near partonic threshold which is subject of the following section.
4.2.1 Near-threshold factorisation
We discuss the factorisation properties of the partonic reaction i(p1)i(p2) ! B(Q) including
phase space restrictions near threshold. This “refactorisation” separates enhanced terms near
threshold from the hard scattering function and provides the possibility to resum the enhanced
terms to all orders. We therefore deﬁne alternate parton-in-parton densities which are appropri-
ate to include these eﬀects. They are deﬁned in the centre-of-mass (c.m.) frame of the partonic
process at ﬁxed energy and can be expressed as operator matrix elements as follows [107, 115]
 q=q(x; 2p0=; ) =
1
223=2
Z 1
 1
dy0 e
 ixp0y0hq(p)jq(y0;~0) 1
2
v   q(0)jq(p)i ; (4.13)
where q denotes the quark ﬁeld and p its momentum. The vector v is lightlike and orientated
in the opposite direction of p. The matrix element is evaluated in axial gauge  A = 0 with the
gauge ﬁxing vector . Therefore  q=q in general depends on , see Eq. (4.15). At leading order
 q=q is normalised to (1 x). The argument  represents the universal collinear divergences. The
deﬁnition given in Eq. (4.13) is in analogy to those for the light-cone parton-in-parton densities,
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i
i¯
ψi/i(w1)
ψi¯/i¯(w2)
Ui¯i(ws)
hi¯i→B hi¯i→B
∗
Figure 4.4: Near-threshold factorisation for the Drell-Yan process
see e.g. [116], which are deﬁned at ﬁxed light-cone momentum instead of ﬁxed-energy. For an
antiquark the distribution is deﬁned by [115]
 q=q(x; 2p0=; ) =
1
223=2
Z 1
 1
dy0 e
 ixp0y0hq(p)jTr

1
2
v   q(y0;~0) q(0)

jq(p)i (4.14)
and fulﬁls  q=q =  q=q as a consequence of invariance under charge conjugation. The relation
between the parton-in-parton densities  i=i and fi=i will be discussed later.
In the following we use the alternate parton densities to ﬁnd a factorised form of the pertur-
bative function !ii!B near partonic threshold. For the Drell-Yan case the factorised form near
threshold w = 1  ! 0 with  = Q2=S and S = (p1 + p2)2 is given by
dii!B
dQ2
(w; ) = 0Hii!B

p1

;
p
2
; i; S (
2)


Z
dw1
w1
dw2
w2
 i=i

p1  1

;w1
Q

;S (
2); 

 i=i

p2  2

;w2
Q

;S (
2); 


Z
dws
ws
Uii

ws
Q

; vi; i; S (
2)

(w   w1   w2   ws) +O(w0) : (4.15)
The weights, given in terms of energy fractions, read w1 = 1   x1, w2 = 1   x2 and ws =
2
P
i k
0
i =Q, where
P
i k
0
i is the energy of the additional emitted gluons. The delta function
in Eq. (4.15) results from taking the threshold limit  = Q2=S ! 1 of the delta function

 
Q2   (p1 + p2  
P
i k

i )
2

which ﬁxes the mass of the Drell-Yan pair and when taking only
linear terms in wi into account. The resulting phase space delta function in Eq. (4.15) contains
then the decomposition of the total energy fraction above threshold w into energy fractions
related to collinear (w1; w2) and wide-angle soft (ws) radiation. Each of these weights reﬂects
a certain region in phase space and is attributed separately to the functions  i=i and Uii. The
factorisation is illustrated in Fig. 4.4.
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The hard scattering function Hii!B = hii!Bhii!B is deﬁned by kinematics that are oﬀ-shell
and contains no singular distributions. At leading order the hard function is given by Hii!B = 1
due to the normalisation taken in Eq. (4.7). In the limit  ! 1 all gluon emission is restricted
to be soft and therefore the weights wi become small. This leads to singular distributions in wi
similar to those in Eq. (4.4). For soft gluons that are collinear to the incoming partons these
are included in the functions  i=i and  i=i while those for wide-angle soft gluon radiation are
contained in the soft function Uii. The parton density  i=i is deﬁned as a distribution for a quark
in a quark of the same ﬂavour and thus includes only singular distributions for z ! 1. The soft
function can be deﬁned via an eikonal cross section and depends on the lightlike vectors vi. To
disentangle the convolution in Eq. (4.15) we take Mellin moments with respect to  = 1  w
~ii!B(N) =
Z 1
0
d N 1
1
0
dii!B
dQ2
(): (4.16)
The limit ! 1 in momentum space corresponds to the limit N !1 in Mellin space. Moments
of a function f() that is ﬁnite at ! 1 behave like 1=N for N !1. In the large-N limit Mellin
and Laplace transforms are equivalent since N 1  e N(1 ) for ! 1. Using this relation we
get 1
~ii!B(N; ) =
Z 1
0
dw e Nw
1
0
dii!B
dQ2
(w; ) (4.17)
= ~ i=i

p1  1

;
Q
N
;S (
2); 

~ i=i

p2  2

;
Q
N
;S (
2); 

Hii!B

p1

;
p2

; i; S (
2)

~Uii

Q
N
; vi; i; S (
2)

+O

1
N

;
with
~Uii(N) =
Z 1
0
dws
ws
e Nws Uii(ws) (4.18)
and analogously for ~ i=i and ~ i=i. The hard function Hii!B does not contain singular distri-
butions and therefore does not depend on N . The parton densities  i=i and  i=i absorb all
collinear gluon emission at threshold including the universal collinear initial-state divergences.
In N -space the parton densities at ﬁxed energy ~ i=i can be expressed as a product of light-cone
parton densities ~fi=i and an infrared safe function [107]. We continue with the construction of
the soft function.
The eikonal cross section
The soft function ~Uii can be deﬁned via an eikonal cross section. For the deﬁnition of the eikonal
cross section we use the concept of Wilson lines or ordered exponentials. A Wilson line is deﬁned
by [112, 116]

(f)
 (2; 1;x) = P exp

 igs
Z 2
1
d A(f)( + x)

; (4.19)
1In analogy to the Mellin transform we have set the upper limit to 1, where logw = 0. Extending it to 1
would introduce only suppressed terms at large N .
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Figure 4.5: Eikonal approximation
where x is a spacetime point, f indicates the represention,  is a velocity four-vector in the
direction of the parton, A(f) is the gauge ﬁeld, and P denotes path ordering of the Lie-algebra
valued gauge ﬁelds along the path. For example a quark propagating from x+1 to x+2 is
described by (f) (2; 1;x) with f in the fundamental representation. A Wilson line summarises
the coupling of soft gluons to a single parton. By expanding the path ordered exponentials in
Eq. (4.20) in the coupling gs, where g2s = 4S , to order n, and converting to momentum space,
one generates all diagrams involving n soft gluons emitted by this parton [116]

(f)
 (0;1; 0) = 1 + P
1X
m=1
mY
i=1
Z
dnki
(2)n
gs  A(f)(ki )
1
 Pij=1 kj + i : (4.20)
In graphical representations we use double lines for eikonal lines, as e.g. in Fig. 4.4. The Feynman
rules following from the expression given in Eq. (4.20) are identical to the eikonal approximation
of standard Feynman rules as shown in the following. For the derivation of the eikonal version
of the Feynman rules we consider the full amplitude of a process containing a quark-line from
which a gluon is radiated oﬀ, see Fig. 4.5. The amplitude is given by
M =Mr
i(=p  =k)
(p  k)2 + i( igs
 (T cF )ba)u(p) ; (4.21)
where Mr denotes the remaining amplitude and (T cF )ab are the SU(3) generators in the fun-
damental representation. If the momentum of the gluon is soft, k ! 0, one can neglect k
compared to p in numerator factors and k2 compared to p k in denominator factors. This leads
to
M(eik) =Mr =
p
 2p  k + i
 (T cF )ba gsu(p) : (4.22)
Using =p = 2p   =p and the Dirac equation =pu(p) = 0 we get
M(eik) = (T cF )ba
p
 p  k + igs (u(p)Mr) ; (4.23)
or in terms of dimensionless vectors v
M(eik) = (T cF )ba
v
 v  k + igs (u(p)Mr) : (4.24)
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For later purposes, cf. Chapter 5, we deﬁne the dimensionless vectors as
v =
r
2
s
p ; (4.25)
with s = (p1+p2)2. Eq. (4.24) can easily be extended to the emission of n gluons and is equivalent
to the integrand of Eq. (4.20) expanded to n-th order in the coupling.
In the Drell-Yan process the two initial-state partons annihilate into a colour singlet state.
Thus the product of Wilson lines
Wb2b1(x) = a1a2 
(i)
2
( 1; 0;x)b2a2(i)1 (0; 1;x)a1b1 ; (4.26)
describes the emission of soft gluons in this process. Recoil eﬀects caused by the emission
are neglected in this description. The operator product, Eq. (4.26), can be used to deﬁne a
dimensionless eikonal cross section [112, 117]

(eik)
ii!B

wQ

;S (
2); 

=
X



w   w(eik)()

(4.27)
 h0j T
h
(W (0))yb1b2
i
jihjT [W (0)b2b1 ] j0i ;
where  denotes a set of intermediate states. Each contributes to the weight w with
w(eik)() = 2
P
 k
0
=Q, where
P
 k
0
 is the total energy of the radiated gluons. Near partonic
threshold the energy emitted by the Wilson lines is ﬁxed at wQ=2 reﬂecting the restriction on
phase space. In Eq. (4.27) T and T represent time and anti-time ordering, respectively. The
eikonal cross section is normalised to (w) at leading order. Beyond leading order the eikonal
cross section deﬁned in this manner contains ultraviolet divergences which are contained in the
operator product Wb2b1(x) [112] which needs to be renormalised. A speciﬁc renormalisation
scheme has been proposed in Ref. [112] to which we refer for details. After renormalisation
the eikonal cross section becomes a sum of plus distributions in w, see Ref. [112], where the
coeﬃcients of the plus distributions still include universal collinear singularities denoted by the
argument . All collinear gluon emissions of the incoming eikonal lines can be factorised into the
eikonal version of the initial-state jet functions  i=i and  i=i denoted by j
(eik)
i and j
(eik)
i
[107].
Deﬁned in this fashion we avoid any double counting when extracting the soft function from the
eikonal cross section which is explained further below. Since the universal initial-state diver-
gences are absorbed into the eikonal version of the jet functions the soft function becomes an
infrared safe sum of plus distributions.
The jet functions are deﬁned as a product of Wilson lines. The expression for an incoming
quark jet reads
j
(eik)
i

w1Q

;S (
2); 

=
Q
2
Z 1
 1
dy0 e
 iw1Qy0 (4.28)
 h0j Tr

T [y1(0; 1; y)]T [1(0; 1; 0)]

j0i ;
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where y = (y0;~0) is a vector at the spatial origin. The deﬁnition of the incoming antiquark jet
j
(eik)
i
can be obtained similarly by appropriate substitutions of the Wilson lines. The factorised
form of the eikonal cross section is then given by

(eik)
ii!B

wQ

;S (
2); 

=
Z 1
0
dw1dw2dws  (w   w1   w2   ws) (4.29)
 j(eik)i

w1Q

;S (
2); 

j
(eik)
i

w2Q

;S (
2); 

Uii

wsQ

;S (
2)

;
which becomes in moment space
~
(eik)
ii!B

Q
N
;S (
2); 

= ~j
(eik)
i

Q
N
;S (
2); 

~j
(eik)
i

Q
N
;S (
2); 

(4.30)
 ~Uii

Q
N
;S (
2)

:
The expression in Eq. (4.30) allows us to extract the soft function from the eikonal cross section
~Uii

Q
N
;S (
2)

=
~
(eik)
ii!B

Q
N ; S (
2); 

~j
(eik)
i

Q
N ; S (
2); 

~j
(eik)
i

Q
N ; S (
2); 
 ; (4.31)
where ~Uii is the same soft function as in the full cross section, cf. Eq. (4.17). In general the
soft function can depend on the gauge vector when calculated in axial gauge as indicated in
Eq. (4.15).
4.2.2 From factorisation to resummation
Having found a disentangled factorised form at threshold in Eq. (4.17), we discuss how this form
serves to resum logarithms in N in the following. For this general discussion about Sudakov
resummation we neglect the universal collinear initial-state singularities which will be ﬁnally
absorbed into the parton distribution functions. The latter is known as mass factorisation and is
explained after discussing the basic Sudakov resummation. In this subsection we mainly follow
Ref. [111] and references therein.
We start with demanding that the cross section deﬁned in Eq. (4.17) is independent of the
factorisation scale 
d
d log
~ii!B(N) = 0 (4.32)
and does not depend on the choice of the gauge vectors i
@
@ log (pi  i) ~ii!B(N) = 0: (4.33)
Both requirements are needed to resum logarithms of N which are present in Eq. (4.17) as we
will see in the following.
The soft function Uii has single logarithmic behaviour while the jet functions  i=i and  i=i also
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contain double-logarithmic terms. The latter result from the emission of gluons that are collinear
to the incoming partons and are simultaneously soft. The dependence on N in the soft function
is only through the ratio Q=(N). Therefore we can use the explicit scale dependence  of the
soft function in order to control its complete N -dependence. Technically this can be achieved
by applying renormalisation group techniques which is explained in detail in Section 4.3.2. We
assume that the functions Hii!B; ~ i=i; ~ i=i and ~Uii are multiplicatively renormalisable. With
this assumption we can derive the following evolution equations
d
d log
logH

p1

;
p2

; i; S (
2)

=  H(S (2)) ; (4.34)
d
d log
log ~ i

pi  i

;
Q
N
; S (
2)

=   i(S (2)) ; (4.35)
d
d log
log ~U

Q
N
; vi; i; S (
2)

=  U (S (2)) ; (4.36)
with the anomalous dimensions H ;  i ; U . We used the notation ~ 1 = ~ i=i; ~ 2 = ~ i=i,
~U = ~Uii; H = Hii!B, and following the convention used in the literature [111, 118] we take
 1 =   i=i and  2 =   i=i . The functions H; ~ i, and ~U depend explicitly and implicitly,
via the running coupling S (
2), on the renormalisation scale . The independence of the cross
section from the renormalisation scale, see Eq. (4.32), requires that the individual anomalous
dimensions add up to zero
H +
X
i
 i + U = 0: (4.37)
In the following we assume that the anomalous dimensions are independent of N and of the
gauge vector i. The dependence on the gauge vector is treated by Eq. (4.33). We continue with
the derivation of the solutions to Eqs. (4.34) – (4.36).
For the soft function we obtain
~U

Q
N
; vi; i; S (
2)

= ~U

1; vi; i; S

Q2
N2

exp
"Z Q=N

d

U (S (
2))
#
; (4.38)
where we have chosen the soft scale Q=N as initial scale . This is the “natural” scale of the soft
function, where no logarithms occur ~U
 
1; S
 
Q2=N2

. The soft function is evolved from the
soft scale to the scale . By Eq. (4.38) the entire N -dependence of the soft function is resummed
since the soft function contains only single logarithms of N as discussed previously.
For the jet functions we analogously get
~ i

pi  i

;
Q
N
;S (
2)

= ~ i

(pi  i)N
Q
; 1; S

Q2
N2

exp
"Z Q=N

d

 i(S (
2))
#
: (4.39)
This result only contains the resummation of parts of the single logarithmic terms. Because the
jet function includes also double-logarithms it is not suﬃcient to solve Eq. (4.35) to resum its
entire N -dependence. To achieve this we additionally use the independence of the cross section
of the choice of the gauge vector.
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Inserting the factorised form of the cross section in Eq. (4.33) we arrive for i = 1 at
p1  1 @
@(p1  1) log
~ 1

p1  1

;
Q
N
;S (
2)

=  p1  1 @
@(p1  1) logH

p1

;
p2

; i; S (
2)

  p1  1 @
@(p1  1) log
~U

Q
N
; vi; i; S (
2)

;
(4.40)
since  2 is independent of p1  1. The logarithmic derivative of ~ 1 with respect to p1  1 can
depend on the hard scale Q  p1  1 or the soft scale Q=N . Its dependence can be expressed as
the sum of two functions each having variables in common with ~ 1. For H these variables are
(p1  1)= and S (2). For ~U they are Q=(N) and again S (2). Taking these considerations
into account Eq. (4.40) becomes
p11 @
@(p1  1) log
~ 1

p1  1

;
Q
N
;S (
2)

= G

p1  1

; S (
2)

+ ~K

Q
N
;S (
2)

; (4.41)
with
G =  p1  1 @
@(p1  1) logH ; (4.42)
~K =  p1  1 @
@(p1  1) log
~U : (4.43)
Under gauge changes the jet function exchange contributions with the soft part via ~K and with
the hard part via G. From the multiplicatively renormalisation of the jet function  i, Eq. (4.35),
follows that
d2
d d(pi  i) log
~ i = 0 ; (4.44)
since the anomalous dimension  i is independent of pi  i. Therefore the combination ~K + G
does not depend on the renormalisation scale [119, 120]

d
d

G

p1  1

; S (
2)

+ ~K

Q
N
;S (
2)

= 0 : (4.45)
From the above Eq. (4.45) the functions ~K and G are related by an anomalous dimension

d
d
G

p1  1

; S (
2)

= K
 
S (
2)

; (4.46)

d
d
~K

Q
N
;S (
2)

=  K
 
S (
2)

: (4.47)
The anomalous dimension is known as universal Sudakov anomalous dimension K [119, 120].
The evolution equations in Eqs. (4.46) and (4.47) can be used to ﬁnd a relation between the
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scales p1  1 and Q=N in the sum of ~K and G. Solving Eqs. (4.46) and (4.47) we arrive at
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
Q
N
;S (
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
+G

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
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
= ~K

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Z p11
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d0
0
K(S (
02)) : (4.48)
Now, changing the argument of S in ~K(1; S (Q
2=N2)) to S ((p1  1)2) provides an expression
where the scales are related:
~K
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Q
N
;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
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
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; S (
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
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 
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S (
02)) : (4.49)
The functions A and A0 are deﬁned by
A
 
S (
2)

= 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 
S (
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
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(g)
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@g
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; (4.50)
and
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S (
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S (
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
: (4.51)
The QCD beta function (g) with g2 = 4S is deﬁned in Eq. (5.151). A solution to Eq. (4.41)
for the jet function is given by
~ 1

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Q
; 1; 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)#
:
Combining Eq. (4.52) with the solution of the renormalisation group equation given in Eq. (4.39)
leads to an expression where the complete logarithmic N -dependence of the jet functions is
resummed
~ 1
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:
Finally, the resummed form of the total cross section is given by
~(N) = H
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; (4.54)
where we have set pi  i and  equals to Q. The function A is deﬁned in Eq. (4.50) and the
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function B is given by
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: (4.55)
To make the logarithmic dependence in the exponents more explicit, Eq. (4.54) can be written
as
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The result in Eqs. (4.54) and (4.56) is given in terms of exponentials which contain at most
double logarithms of N when keeping the coupling S ﬁxed. They are contained in the integral
over the function A. The remaining integral over B leads to single logarithmic behaviour in N .
The functions entering Eqs. (4.54) and (4.56) obey series expansions in S . The coeﬃcients of A
and B and combinations of the remaining functions can be obtained by expanding Eq. (4.56) in
S and comparing this result with a ﬁxed-order loop-calculation to the required accuracy. The
result given in Eq. (4.56) is the so called basic Sudakov resummation, cf. Refs. [119, 121], in
which all large logarithmic terms in N are summed to all orders in perturbation theory.
In the Drell-Yan process or in general in processes with hadrons in the initial state the func-
tions  1;  2 contain universal collinear singularities, see e.g. Eq. (4.13), which we have neglected
for the general discussion about Sudakov resummation above. These collinear divergences are
cancelled by corresponding terms from the light-cone parton-in-parton densities fi=i. From the
partonic equivalent of Eq. (4.9)
~ii!B

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(4.57)
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;
the ﬁnite partonic Drell-Yan part ~!ii!B can be obtained and is given by
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Inserting the refactorised form for ~!ii!B near threshold we get
~!ii!B

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=
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Q
N
;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
;
(4.59)
where we have used  i=i =  i=i and fi=i = fi=i. To simplify the notation we have suppressed
gauge-dependent arguments of the functions. Universal collinear singularities, denoted by ,
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are cancelled in the ratio of parton-in-parton densities rendering this ratio and therefore ~!ii!B
infrared ﬁnite. For the light-cone parton-in-parton density fi=i only ﬂavour diagonal splittings
give rise to log(N)-terms. The speciﬁc resummed form for ~!ii!B can be derived, as explained
previously, from higher-order corrections to the parton densities fi=i and the partonic cross
section ~!ii!B. The parton densities fi=i and therefore the ﬁnite Drell-Yan part depend on
the factorisation scheme and scale F which we take equal to the renormalisation scale , cf.
Ref. [111]. The result for ~!ii!B(N) is e.g. derived in Ref. [111] for both, MS and DIS scheme.
We focus on presenting results for the MS scheme derived in Refs. [111]. Based on the one-loop
result for ii!B and fMSi=i the ﬁnite resummed form for the Drell-Yan process is given by
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2)) = exp
"Z 1
0
dz

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2
(1  22=3)

; (4.60)
where we have chosen  = Q. Again, we neglect terms of the order O(1=N) by using
1 + z2
1  z  !z!1
2
1  z +O
 
(1  z)0 : (4.61)
The generic form of Eq. (4.60) is then given by
~!MSii!B(N; 1; S (Q
2)) = Rii(S (Q
2))ii(N; 1; S (Q
2)) ; (4.62)
where Rii(S (Q
2)) is a function of the coupling and independent of N . All large logarithmic
corrections at threshold occur in the exponential ii
ii(N; 1; S (Q
2))  exp Eii(N; 1; S (Q2)) ; (4.63)
with the exponent
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The functions gl with l = 1; 2 are ﬁnite functions of their arguments and their series expansion
reads
gl(S ) =
1X
n=1
S

n
g
(n)
l : (4.65)
At order n the terms withm = n+1 are called leading logarithms (LL), form = n next-to-leading
logarithms (NLL) and for m < n subdominant terms. Keeping only the g(1)1 term constitutes the
LL approximation, including also the terms g(1)2 and g
(2)
1 gives the NLL approximation, etc. Each
of these logarithmic terms are resummed to all orders in perturbation theory by the expression
in Eq. (4.64). From Eq. (4.60) we can simply read oﬀ the one-loop coeﬃcients in the MS scheme
g
(1)
1 = 2CF ; and g
(1)
2 = 0 : (4.66)
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The coeﬃcient g(2)1 can be obtained from a two-loop calculation and is given by [111, 122]
g
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1 = 
(2)
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
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
67
18
  
2
6

  5
9
nf

; (4.67)
where nf is the number of quark-ﬂavours and CA; CF are the Casimir invariants of the adjoint
and the fundamental representation, respectively. Up to this level of accuracy it is suﬃcient
to take R = 1 in Eq. (4.62). The leading logarithmic coeﬃcient g(1)1 results from the ratio of
the parton densities
h
~ i=i= ~fi=i
i2
, the next-to-leading-logarithmic coeﬃcients get contributions
from both
h
~ i=i= ~fi=i
i2
and ~Uii. To disentangle contributions from the soft function and the
parton densities we express the exponential of the soft function, Eq. (4.38), in the form given in
Eq. (4.64) for  = Q
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with
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where ~Uii
 
1; S
 
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
= 1 up to NLL accuracy. The same holds for the hard part
H
 
1; 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
= 1, see Eq. (4.15). Separating the soft part ~Uii from Eq. (4.62) gives the re-
summed expression for the ratio
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; (4.71)
which only depends on the colour representation of the incoming partons, which are equal for
quark-antiquark annihilation. How the result given in Eq. (4.71) can be used in the derivation
of the resummed cross section for QCD hard scattering processes is content of the following
section. The NLL coeﬃcient of the soft function can be obtained from a one-loop calculation
with the methods described in detail in Section 5.4. The one-loop diagram which needs to be
calculated is shown in Fig. 4.6. The calculation of the corresponding loop-integral can be found
in Section 5.4.3. Using Eq. (5.147) we can obtain the one-loop coeﬃcient of the soft anomalous
dimension. The coeﬃcients are deﬁned by a series expansion in S as follows
Uii(S ) =
1X
n=1
S

n

(n)
Uii
: (4.72)
The one-loop coeﬃcient reads then

(1)
Uii
= CF

1  log

2
(vi  n)2
jnj2

  i

; (4.73)
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Figure 4.6: One-loop contribution to the soft function Uii for the Drell-Yan process
with vi deﬁned in Eq. (4.25). If the soft function is calculated in a general axial gauge as in
Eq. (4.73) it includes contributions which depend on the axial gauge ﬁxing vector n and where
jnj2 =  n2   i, see Eq. (5.145). The gauge-dependent terms in Eq. (4.73) are cancelled against
terms from the incoming jet functions ~ i=i order by order in perturbation theory.
To obtain results for the hadronic cross section in physical momentum space we have to
perform the inverse Mellin transform
h1h2!B() = 0
Z
CN
dN
2i
 N ~h1h2!B(N) ; (4.74)
where CN is a contour in the complex N -plane and ~h1h2!B(N) can be obtained from Eqs. (4.9)
and (4.62). Further details about the inverse transform will be given in Section 5.7.1.
4.3 Factorisation and resummation for coloured heavy (s)particles
In this section we describe the generalisation of the resummation formalism for the case of
producing a pair of heavy coloured (s)particles. For processes in the Standard Model the ﬁnal
state can only consist of particles with equal masses, the heavy quarks. We mainly follow
Refs. [37, 112, 117, 118] and references therein for reviewing the derivation of the resummed
cross section. For the production of sparticles there is no restriction for ﬁnal-state particles to
have equal masses like in squark-gluino production. Therefore we adapt the formulas derived for
the equal mass case.
We start with the factorised expression for the inclusive hadroproduction cross section
h1h2!kl for two massive SUSY particles k and l, where k; l can be a squark (~q), antisquark
(~q) or gluino (~g). In terms of its partonic version ^ij!kl it can be written as
h1h2!kl(; fm2g

=
X
i;j=q;q;g
Z 1

dz
Z
dx1dx2 fi=h1(x1; 
2) fj=h2(x2; 
2) (4.75)


z   Q
2
x1x2S

^ij!kl

z;
Q

; fm2g; S (2)

;
where fm2g denotes all masses entering the calculations and with the hard scale
Q2 = (m3 +m4)
2. For the considered processes the initial partons i; j can also be gluons as
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indicated in the sum, see also Fig. 5.1. For the inclusive production of two ﬁnal-state particles
with masses m3 and m4 we deﬁne the threshold variable , which measures the distance from
threshold in terms of energy fraction, as  = Q2=S : The partonic equivalent of this threshold
variable is deﬁned as z = =(x1x2). This is a generalised version of the threshold variable used
in heavy quark production, see e.g. [112]. It accounts for unequal masses of the pair-produced
particles in the ﬁnal state, making it applicable to the case of squark-gluino production. In the
threshold region, the most dominant contributions to the higher-order QCD corrections due to
soft gluon emission have the general form2
ns log
m2 ; m  2n with 2  1  z = 1   (m3 +m4)
2
s
; (4.76)
where s = x1x2S is the partonic centre-of-mass energy squared. This form results from inte-
grating over plus distributions in Eq. (4.75) and when keeping only logm(2)-terms, see e.g.
Ref. [123]. For example the NLO partonic threshold logarithms are obtained by
^thrij!kl =
Z 1
0
dz ^ij!kl(zs)

S

a

log(1  z)
1  z

+
+ b

1
1  z

+

; (4.77)
where a; b are constants. The leading-order partonic cross section in the threshold limit is
given by ^ij!kl(s)  (s   Q2) for pair production processes of squarks and gluinos and
^ij!kl(s)  (s Q2)3 for the process qq ! ~t~t in stop-antistop production. See Section 6.1 for
further details. Performing the integration and keeping only terms that give rise to log(2)-terms
we get
^thrij!kl = ^ij!kl(zs)
 
S

log2(2) + b log(2)
	
: (4.78)
The resummation of the soft-gluon contributions is performed after taking a Mellin transform of
the cross section,
~h1h2!kl
 
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 
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
:
The resummed partonic cross section in QCD hard scattering is derived in analogy to the Drell-
Yan case. For the latter the partonic cross section is deﬁned as a normalised cross section, see
Eq. (4.7). To isolate this diﬀerence we follow Refs. [37, 124]. We rewrite Eq. (4.75) as
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d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
2See Section 5.1 for more discussion on the form of a threshold variable in the case of unequal masses.
4.3 Factorisation and resummation for coloured heavy (s)particles 37

Z C+i1
C i1
dN
2i
 N ~fi=h1(N;
2) ~fj=h2(N;
2) : (4.80)
This way of writing enables us to perform soft-gluon resummation in analogy to the Drell-Yan
process, see Eqs. (4.9) and (4.74),
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where ~!ij!kl is obtained from near-threshold factorisation and takes into account the diﬀerent
normalisation. The derivation for the expression ~!ij!kl up to NLL accuracy requires to incor-
porate the colour ﬂow of the underlying hard scattering process and possible changes due to soft
gluon emissions.
4.3.1 Near-threshold factorisation for coloured heavy (s)particles
In this subsection we mainly follow Refs. [112, 117, 125] and review the generalisation of the
expressions obtained for the Drell-Yan process. The main diﬀerence to the Drell-Yan process is
that the ﬁnal state consists of two coloured particles from which soft gluons can be emitted. Since
soft radiation is coherently sensitive to the colour structure of the hard process from which it is
emitted [111, 112, 115, 121] we have to account for this. We start with near-threshold factorisation
of the cross sections into functions that each capture the eﬀects of classes of radiation eﬀects:
hard, collinear (including soft-collinear), and wide-angle soft radiation [111, 112, 115, 117, 125]
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
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~ i=i

N; Q ; S (
2); 

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:
The factorisation is analogue to the Drell-Yan process and shown in Fig. (4.7). The functions
~ i=i; ~ j=j are deﬁned in Eqs. (4.13) and (4.14) in terms of operator matrix element for a quark
and antiquark, respectively. The corresponding expression for a gluon can be found in Ref. [115].
They include the eﬀects of the (soft-)collinear radiation from the incoming partons. Since soft
gluons decouple from the jet functions  i=i they are diagonal in colour tensor space and there-
fore only depend on the colour representation of the incoming parton. The universal collinear
divergences included in ~ i=i are cancelled by corresponding terms from the light-cone parton
distribution ~fi=i rendering ~!ij!kl ﬁnite. Since we are dealing with massive particles in the ﬁ-
nal state no collinear singularities occur from ﬁnal-state radiation. Therefore no ﬁnal-state jet
functions need to be considered as it would be the case in dijet production, see Ref. [115]. All
ﬁnal-state radiation is wide-angle soft radiation and included in the soft function ~Sij!kl;IJ , see
38 Soft-gluon resummation
h∗ij→kl, J
i
j
ψi/i(wi)
ψj/j(wj)
cij→kl, I c∗ij→kl, J
Sij→kl, JI(ws)
hij→kl, I
Figure 4.7: Near-threshold factorisation for heavy coloured (s)particle production
below. The hard function Hij!kl;IJ is deﬁned by the hard scattering amplitudes via
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: (4.83)
This function incorporates only higher-order eﬀects of hard, oﬀ-shell partons and therefore does
not contain log(N)-dependence. It depends on the ratio = in order to isolate diﬀerences in the
normalisation to the Drell-Yan process. In contrast to the Drell-Yan process the hard function
now depends on the colour representations of the external particles in the partonic process.
There are usually multiple tensors cI that can connect these colour representations, where I
labels the possible tensors. For instance, in the case of squark-antisquark (with colour indices
a3; a4) production by the annihilation of light quarks (with colour indices a1; a2) there are two
colour tensors, which may be chosen as
c1(a1; a2; a3; a4) = a1a2 a3a4 (s channel singlet);
c2(a1; a2; a3; a4) = T
c
a2a1T
c
a3a4 (s channel octet) : (4.84)
The set fcIg forms a basis for a vector space which is not necessarily orthogonal. The hard
function Hij!kl;JI is a matrix in this colour tensor space with the indices JI indicating the colour
structure. Note that we paired the indices in example (4.84) according to the s-channel. Other
choices are possible as well [112, 117, 121], but choosing an s-channel basis will be convenient at
threshold as we will see below. The soft function Sij!kl;IJ describes soft, non-collinear, gluon
emission from particles in the initial and ﬁnal state. Since soft emissions mix the connecting
colour tensors the soft function is also a matrix in colour tensor space. Upon emitting an extra
gluon, there is one more extra parton in the ﬁnal state, with its own colour representation.
One might worry that this changes the number and type of cI , rendering the all-order emission
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process untraceable. This is not the case and one can categorise the n soft gluon emission
cross section by that of the 1-gluon one, and moreover only its virtual part, which does not
change the number and type of colour tensor structures. To see this, we can give the following
intuitive argument, which is however only valid through NLL. First, at NLL, the contribution is
due to in energy ordered emission, so that the n-gluon emission is proportional to the 1-gluon
one. Second, the real emission logarithmic term in the contribution (log(N)) must be equal and
opposite to the virtual contribution by the Kinoshita-Lee-Nauenberg theorem [126, 127]. To
generalise the argumentation we start with the construction of the soft function from an eikonal
cross section [112, 117].
The eikonal cross section in QCD hard scattering
As discussed in Section 4.2.1 emitting systems can be approximated as Wilson lines in the ap-
propriate colour representation corresponding to the external legs. The Feynman rules in the
eikonal approximation for a gluon as the external leg can be found in Appendix A. The same
eikonal Feynman rules also apply to their supersymmetric partners, i.e. squarks and gluinos. The
diﬀerence for the case of massive particles is that the velocity vectors are timelike instead of light-
like. The ﬁxed colour representations of the external lines denoted by i(a1)j(a2) ! k(a3)l(a4)
are coupled at x to a colour singlet in all allowed ways by the colour tensor

cij!kl;I

d4d3;d2d1
Wij!kl;I(x)famg =
X
dn

(k)
k
(1; 0;x)a4;d4(l)l (1; 0;x)a3;d3 (4.85)


cij!kl;I

d4d3;d2d1

(i)
i
(0; 1;x)d1;a1(j)j (0; 1;x)d2;a2 ;
where i are the four-velocities of the external lines. The eikonal cross section is deﬁned in terms
of the square of expectation values of the operator product Wij!kl;I(x)famg as
^
(eik)
ij!kl;LI

wQ

;S (
2); 

=
X

(w   w(eik)()) (4.86)
 h0j T (Wij!kl;L(0))yfamg jihjT
 
Wij!kl;I(0)famg
 j0i ;
which is a matrix in colour tensor space. The weights are deﬁned analogue to the Drell-Yan case,
see Eq. (4.15). The eikonal cross section deﬁned in Eq. (4.86) is just the normal cross section
apart from the restriction that all emission, virtual and real, is soft. Like in Drell-Yan one can
factorise the initial-state (soft-)collinear emissions into the incoming jet functions j(eik)i and j
(eik)
j
which are deﬁned in Eq. (4.28). See Ref. [125] for further details. Thus, for the infrared safe soft
function ~Sij!kl;IJ in Mellin space we obtain
~Sij!kl;LI

Q
N
;S (
2)

=
~^
(eik)
ij!kl;LI

Q
N ; S (
2); 

~j
(eik)
i

Q
N ; S (
2); 

~j
(eik)
j

Q
N ; S (
2); 
 : (4.87)
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At lowest order the Wilson lines are one, and so are the jet functions. Thus the soft function
~S
(0)
ij!kl;LI is given by
~S
(0)
ij!kl;LI = tr

cyLcI

; (4.88)
where the trace acts in colour tensor space. The soft function which collects all contributions
from soft emissions includes UV-divergences. Deﬁned in terms of operator products the function
requires renormalisation as a composite operator, see Ref. [121]. These UV-divergences occur
even after usual renormalisation of the theory, i.e. renormalisation of the external ﬁelds and the
coupling, and are a direct consequence of factorisation [115]. Their occurrence can be understood
from the fact that the soft approximation is applied to all momenta and not only the soft ones.
Therefore we may identify the corresponding renormalisation scale with the factorisation scale
where hard and the soft gluons are separated [115]. Since the soft function includes only single
logarithmic terms inN the only functional dependence onN is through ~S(Q=(N); S (
2)) [111].
Thus renormalisation group equations controlling the explicit  dependence of the soft function
can be used to control its N -dependence, see Ref. [121] and references therein.
4.3.2 From factorisation to resummation in QCD hard scattering
Having found a factorised form of the cross section for the production of massive coloured par-
ticles, see Eq. (4.82), the next step is to use the independence of the factorisation scale and the
choice of gauge, see Eq. (4.32) and Eq. (4.33), to resum logarithms of N in each of the factors.
The derivation of the resummed cross section is analogue to the Drell-Yan case and we follow
Refs. [111, 112, 117, 118, 128]. The only diﬀerence to the Drell-Yan case is that the evolution
Eqs. (4.34) – (4.36) for the soft and the hard function become matrix equations in colour tensor
space. Their derivation is explained in the following. The incoming jets  i=i are deﬁned in terms
of renormalised operators, the external ﬁelds, cf. Eq. (4.13), and need no overall renormalisation
as a composite operator [121]. Therefore the anomalous dimension  i=i of the evolution equation
in Eq. (4.35) obeys
 i=i = 2i ; (4.89)
where i is the anomalous dimension of the ﬁeld of ﬂavour i which is independent of N . The
anomalous dimension can be obtained from the renormalisation constants Zi which are due
to wavefunction renormalisation of the external ﬁelds. The renormalisation group equation in
Eq. (4.35) can therefore be written as

d
d
log ~ i = 2i : (4.90)
The independence of the cross section from the renormalisation scale Eq. (4.32) leads to the
following requirement for the product of the soft and the hard function

d
d
log
h
Hij!kl IJ ~Sij!kl JI
i
=  2i   2j : (4.91)
Thus the additional UV-divergences of the soft function have to be compensated by similar
ones in the hard function, cf. Ref. [112, 121]. The soft and the hard function renormalise
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multiplicatively
Hbareij!kl ;IJ = Z
 1
i Z
 1
j

Zij!kl
 1
IK
Hij!kl ;KL

Z
y
ij!kl
 1
LJ
; (4.92)
~Sbareij!kl ;JI =

Z
y
ij!kl

JK
~Sij!kl ;KL

Zij!kl

LI
: (4.93)
The overall renormalisation of the soft function is described by the matrix (Zij!kl)IJ . This
matrix is build from renormalisation constants each sensitive to a certain colour conﬁguration
and therefore accounts for possible mixing eﬀects of the colour structures I; J . The wave function
renormalisation of the outgoing heavy particles is included in (Zij!kl)IJ . Their contributions
are diagonal in colour tensor space. From Eq. (4.93) we can derive the corresponding evolution
equation for the soft function

d
d
~Sij!kl ;JI =   yij!kl ;JK ~Sij!kl ;KI   ~Sij!kl ;JK  ij!kl ;KI : (4.94)
The soft anomalous dimension can be obtained from the UV-divergences of the soft function as
follows: using dimensional regularisation with d = 4    the one-loop soft anomalous dimen-
sion in the MS renormalisation scheme can be computed from the residues of the UV-poles of
Zij!kl ;IJ [119]
 ij!kl ;IJ(S ) =  S
@
@S
Res!0 (Zij!kl)IJ (S ; ) : (4.95)
The calculation of the matrices for the production of squarks and gluinos is content of Section 5.4.
In the following we discuss resummation for each of the factors in Eq. (4.82).
The incoming jet functions
In Section 4.2.2 we have reviewed the derivation of the resummed form of the incoming jets in
the Drell-Yan case. Since these functions include double logarithms in N , both requirements,
factorisation scale independence and gauge independence, are needed to resum these type of
logarithms. Moreover, universal collinear divergences are subtracted performing mass factorisa-
tion rendering the ratio ~ i=i= ~fi=i ﬁnite. The ratio only depends on the ﬂavour of the incoming
particle but not on the colour structure of the hard scattering process. Therefore we can use
the results from the Drell-Yan process. For quark and antiquark initial states they can be taken
from Eq. (4.71). This result can be extended to gluon initial states, i = g, by considering the
production of a colour singlet via gluon fusion through the Drell-Yan mechanism. To obtain the
result for a single incoming jet we take the square root of Eq. (4.71) which leads to
~ i=i
 
N; 1; S (Q
2); 

~fi=i (N;Q2; S (Q
2); )
=
i(N;Q
2; S (Q
2))p
Uii(N;Q
2; S (Q
2))
; (4.96)
where i(N;Q2; S (Q
2)) pii(N;Q2; S (Q2)) is given by
i(N;Q
2; S (Q
2) = exp

Ei(N;Q
2; S (Q
2))

: (4.97)
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The exponent is given by
Ei(N;Q
2; S (Q
2)) =
Z 1
0
dz
zN 1   1
1  z
Z (1 z)2Q2
Q2
dq2
q2
Ai(S (q
2)) ; (4.98)
where the function Ai(S ) can be written as a perturbative expansion in the strong coupling
constant as follows
Ai(S ) =
1X
n=1
S

n
A
(n)
i : (4.99)
The ﬁrst two coeﬃcients are given by [122]
A
(1)
i = Ci ;
A
(2)
i =
1
2
Ci

CA

67
18
  
2
6

  5
9
nf

; (4.100)
with Ci = CF for i = q; q and Ci = CA for i = g. The soft function ~Uii in Drell-Yan like
processes is the soft function for two incoming Wilson lines of ﬂavour i and i annihilating into
a colour singlet. The result for the one-loop soft anomalous dimension for two incoming gluons
is given in Eq. (4.73) when replacing CF by CA. By taking the square root of the soft function
~Uii, we eﬀectively isolate the soft contribution including gauge-dependent terms of a single line.
Therefore we can apply the results obtained for Drell-Yan like processes not only for qq or gg
initial states but also for initial states that cannot annihilate into a colour singlet, such as qg and
qq. In the following we use the notation ~Uii = ~S
sing
ii
. The ratio ~ i=i= ~fi=i is not separately gauge
invariant. Only combined with the soft function the result does not depend on the gauge. Thus,
by dividing i by
q
~Ssing
ii
, we have recovered the gauge-dependent terms of a single incoming
jet. Further discussion on the gauge dependence of the soft and collinear functions follows in
Section 4.3.3.
The above result was obtained for  = Q and we have taken the renormalisation scale equal
to the factorisation scale  = R = F . To obtain the more general result for R 6= F 6= Q
we make use of the evolution equations. The renormalisation scale dependence is governed by
Eq. (4.35). The factorisation scale dependence is given by the light-cone parton densities ~fi=i
and follows the evolution equation [115]
F
d
dF
log
h
~fi=i
 
N;2F ; S (
2
F ); 
i
= 2i=i
 
N;S (
2
F )

; (4.101)
where the anomalous dimension depends on N . The generalised form of Eq. (4.96) is given by
~ i=i

N; QR ; S (
2
R); 

~fi=i
 
N;2F ; S (
2
F ); 
 = ~ i=i  N; 1; S (Q2); 
~fi=i (N;Q2; S (Q
2); )
(4.102)
 exp

2
Z Q
F
d

i=i
 
N;S (
2)
  2 Z Q
R
d

i
 
S (
2)

:
Expressions for the anomalous dimensions entering Eq. (4.102) can be found in Ref. [118]. Up
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to NLL accuracy the second exponential which is renormalisation scale dependent does not
contribute. The ﬁrst integral describing the factorisation scale dependence can be absorbed into
the exponent Ei of i
Ei(N;Q
2; 2F ; 
2
R) =
Z 1
0
dz
zN 1   1
1  z
Z (1 z)2Q2
2F
dq2
q2
Ai(S (q
2)) ; (4.103)
where the argument 2R indicates that the exponent depends implicitly on the renormalisation
scale through the running of S when truncated to a speciﬁc accuracy, see Section 5.5.
The hard and the soft function
In general the solution to Eq. (4.94) is given in terms of path-ordered exponentials, see Refs. [115,
117],
Tr
(
Hij!kl



;
Q

; fm2g; S (2)

~Sij!kl

Q
N
;S (
2)
)
(4.104)
= Tr
(
Hij!kl



;
Q

; fm2g; S (2)

P exp
"Z Q=N

dq
q
( ij!kl)
y  
S (q
2)
#
 ~Sij!kl

1; S

Q2
N2

Pexp
"Z Q=N

dq
q
 ij!kl
 
S (q
2)
#)
;
where P and P denote path-ordering in the variable q. P orders  ij!kl
 
S (
2)

to the far right
and  ij!kl
 
S
 
Q2=N2

to the far left and P orders in the opposite way [115, 118]. The trace is
taken with respect to the colour indices I; J . If the anomalous dimension is diagonal, Eq. (4.35)
becomes

d
d
~Sij!kl;IJ =   (J + I) ~Sij!kl;IJ ; (4.105)
where I ; J are the eigenvalues of the soft anomalous dimension matrix. The solution is given
in terms of ordinary exponentials
~Sij!kl;IJ

Q
N
;S (
2)

=~Sij!kl;IJ

1; S

Q2
N2

 exp
"Z Q=N

dq
q

J
 
S (q
2)

+ I
 
S (q
2)
	#
: (4.106)
At NLL accuracy the one-loop soft anomalous dimension  (1)ij!kl ;IJ
 
S (
2)

is required and
~Sij!kl;IJ
 
1; S
 
Q2=N2

is given by the lowest order soft function ~S(0)ij!kl;IJ deﬁned in Eq. (4.88).
The diagonal form of the soft anomalous dimension can either be achieved by a diagonalisation
procedure as e.g. explained in Ref. [117] or by choosing a colour basis in which the matrix
 ij!kl;IJ becomes ”automatically“ diagonal in the threshold limit  ! 0, see Section 5.4.2. For
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an orthogonal basis the soft function becomes diagonal and Eq. (4.106) reduces to
lim
!0
~Sij!kl;IJ

Q
N
;S (
2)

= IJ ~S
(0)
ij!kl;IJ exp
"Z Q=N

dq
q
S (q
2)

D
(1)
ij!kl;I
#
; (4.107)
with
D
(1)
ij!kl;I  lim!0

s
2Re

 
(1)
ij!kl;II

: (4.108)
The calculation of the one-loop soft anomalous dimensions for all subprocesses ij ! kl for the
pair production of squarks and gluinos is content of Section 5.4. As discussed previously the soft
function is not separately gauge invariant. The gauge dependence vanishes in the full resummed
cross section.
4.3.3 The resummed cross section up to NLL accuracy
In this subsection we combine the expressions obtained for the jet functions, the soft and the
hard part to obtain the result for the resummed cross section up to NLL accuracy. We start
with the discussion about the gauge dependence of the soft and the jet functions.
Although the combination of the soft and collinear functions in the cross section is gauge in-
variant, the functions themselves are not automatically separately gauge invariant. The collinear
functions only depend on the colour representations of the incoming partons, see Eq. (4.102).
Therefore the gauge dependence of the soft function ~Sij!kl;IJ cannot depend on the colour
structure of the process either. This implies that we can make the soft and collinear functions
separately gauge invariant by rescaling them with a scalar in colour tensor space. This scalar
is chosen to be
q
~Ssing
ii
and
q
~Ssing
jj
, respectively. This choice is also applicable to initial states
that cannot annihilate into a colour singlet as argued above. Moreover, this choice is also quite
natural in order to extract diﬀerences between heavy coloured (s)particle production processes
and Drell-Yan like processes, see Eq. (4.71). Applying this rescaling Eq. (4.82) becomes
~!ij!kl



;N;
Q

; fm2g; S (2)

=
r
~Ssing
ii

Q
N ; S (
2)

~ i=i

N; Q ; S (
2); 

~fi=i(N;2; S (
2); )
(4.109)

r
~Ssing
jj

Q
N ; S (
2)

~ j=j

N; Q ; S (
2); 

~fj=j(N;2; S (
2); )

X
IJ
Hij!kl;IJ



;
Q

; fm2g; S (2)

~Sij!kl;JI

Q
N
;S (
2)

;
where the rescaled soft function ~Sij!kl;JI is given by
~Sij!kl;JI

Q
N
;S (
2)

=
~Sij!kl;JI

Q
N ; S (
2)

r
~Ssing
ii

Q
N ; S (
2)
r
~Ssing
jj

Q
N ; S (
2)
 : (4.110)
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At one-loop order we therefore get for the corresponding soft anomalous dimension calculated in
axial gauge with the gauge vector n
 
(1)
ij!kl;IJ =  
(1)
ij!kl;IJ  
S
2
X
p=fi;jg
C2;p

1  log

2
(vp  n)2
jnj2

  i

IJ ; (4.111)
where the sum is over the two incoming particles, see also Ref. [117]. The expression is obtained
by using Eqs. (4.73) and the factors C2;p are either CF or CA depending on whether p is a quark
or gluon, respectively. The rescaled soft function ~Sij!kl;IJ obeys the evolution in Eq. (4.94)
with the soft anomalous dimension  ij!kl;IJ . The solution is given in Eqs. (4.104) – (4.108) by
appropriate substitutions. Up to NLL accuracy the exponential in Eq. (4.107) can be written as

(s)
ij!kl;I
 
N;Q2; 2R

= exp
h
E
(s)
ij!kl;I(N;Q
2; 2R)
i
; (4.112)
with the exponent [128]
E
(s)
ij!kl;I(N;Q
2; 2R) =
Z 1
0
dz
zN 1   1
1  z
S ((1  z)2Q2)

D
(1)
ij!kl;I ; (4.113)
where 2R denotes the implicit dependence on the renormalisation scale through S . The re-
summed expression of Eq. (4.109) up to NLL accuracy reads
~!
(res;NLL)
ij!kl


;N; fm2g; 2F ; 2R

=
X
I
~^
(0)
ij!kl;I


; fm2g; 2R

i(N;Q
2; 2F ; 
2
R)
j(N;Q2; 2F ; 2R)(s)ij!kl;I(N;Q2; 2R) ; (4.114)
where the colour-decomposed leading-order cross section is given by
~^
(0)
ij!kl;I = H
(0)
ij!kl;II ~S
(0)
ij!kl;II : (4.115)
In Eq. (4.115) phase space integration of the hard scattering function is implicitly understood
where we follow the convention used in [37]. The explicit derivation of the colour-decomposed
leading-order cross section in terms of the hard scattering amplitudes can be found in Section 5.3.
Inserting the expression into Eq. (4.81) and carrying out the integration over  we ﬁnally get

(res;NLL)
h1h2!kl


;N; fm2g; 2F ; 2R

=
X
i;j
X
I
1
2i
Z C+i1
C i1
dN N+1 ~fi=h1(N;
2
F )
~fj=h2(N;
2
F )
 ~^(0)ij!kl;I(N   1; fm2g; 2R)i(N;Q2; 2F ; 2R)
 j(N;Q2; 2F ; 2R)(s)ij!kl;I(N;Q2; 2R) : (4.116)
Shifting the argument from N to N + 1 we obtain for the resummed hadronic cross section in
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Mellin space
~
(res;NLL)
h1h2!kl (N; fm2g; 2F ; 2R) =
X
i;j
~fi=h1(N + 1; 
2
F )
~fj=h2(N + 1; 
2
F )
 ~^(res;NLL)ij!kl (N; fm2g; 2F ; 2R) ; (4.117)
with the partonic resummed cross section given by
~^
(res;NLL)
ij!kl
 
N; fm2g; 2F ; 2R

=
X
I
~^
(0)
ij!kl;I(N; fm2g; 2R) i(N + 1; Q2; 2F ; 2R)
 j(N + 1; Q2; 2F ; 2R)(s)ij!kl;I(N + 1; Q2; 2R) : (4.118)
Note that the N -dependence of the leading-order cross section results from integrating over 
which accounts for the diﬀerent normalisation compared to the Drell-Yan cross section. Deﬁned in
this way, resummation is performed with respect to a normalised cross section. Thus the leading-
order cross section is not taken in the threshold limit and it fulﬁls the matching condition for NLL
resummation. In this way we avoid any double counting in the expansion of the resummed cross
section to ﬁxed order in S . In the threshold limit the leading-order cross section is suppressed
by powers of N , see Section 5.6.
Although we have focussed on NLL resummation in this section, resummation can also
be performed to higher logarithmic accuracy. This requires not only the inclusion of higher
logarithmic terms in the exponentials but also the correct matching condition. The incorporation
of matching conditions to higher order in Eq. (4.118) can be done by substituting ~^(0)ij!kl;I by
~^
(0)
ij!kl;I  Cij!kl;I . The so called C-coeﬃcients contain information about hard contributions
beyond leading order and can be written as a perturbative series in S , e.g. C = 1+S= C
(1)+::.
The C-coeﬃcients are obtained by comparing a colour-decomposed ﬁxed-order calculation of
^ij!kl;I at order n taken at threshold and converted to N -space with the expansion of the
resummed result up to this order and then taking only non-logarithmic terms in N . Since it is
a higher-order eﬀect we consequently neglect O(1=N)-terms in the C-coeﬃcients. A ﬁrst step
towards an NNLL resummed result is the calculation of C(1)ij!kl;I which can be obtained from a
one-loop calculation and gives the appropriate matching condition for NNLL resummation.
For processes with coloured heavy (s)particles in the ﬁnal-state Coulomb corrections occur
which are of the form 1= and become singular in the threshold limit  ! 0. A method to
include them in the N -space resummation formalism has been proposed in Ref. [128]. A proper
treatment of both eﬀects, i.e. threshold logarithms and Coulomb corrections, taking into account
non-trivial interference between them, has been developed in Refs. [39, 40] in the framework of
soft-collinear eﬀective ﬁeld theory. It justiﬁes the method proposed in Ref. [128].
4.3.4 Matching with NLO
Having constructed the NLL cross section in the Mellin-moment space, the inverse Mellin trans-
form has to be performed in order to recover the hadronic cross section h1h2!kl in momentum
space. In order to retain the information contained in the full NLO cross sections the NLO
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and NLL results are combined through a matching procedure that avoids double counting of the
logarithmic terms in the following way:

(NLO+NLL)
h1h2!kl
 
; fm2g; 2F ; 2R

= 
(NLO)
h1h2!kl
 
; fm2g; 2F ; 2R

(4.119)
+
X
i;j=q;q;g
Z
CN
 N ~fi=h1(N + 1; 
2
F )
~fj=h2(N + 1; 
2
F )

h
~^
(res;NLL)
ij!kl
 
N; fm2g; 2F ; 2R
   ~^(res;NLL)ij!kl  N; fm2g; 2F ; 2R j(NLO) i :
Details about the inverse Mellin transform are given in Section 5.7.1.
4.3.5 Threshold resummation for the transverse-momentum distribution
Similar to the inclusive cross section, soft-gluon corrections can also dominate the transverse-
momentum distribution of the produced particles if the production takes place suﬃciently close
to the edge of phase space. The general construction of the threshold-resummed transverse-
momentum distributions is similar to the inclusive case, cf. [51] – [57]. We start with the general
framework applicable to the hadroproduction of a pair of massive coloured (s)particles. We con-
centrate on the case that the produced particles have equal masses since we apply resummation
to stop-pair production in Chapter 6. Assuming that one of the ﬁnal-state particles carries a
transverse momentum pT , the minimal energy necessary to produce the system is 2mT , where
the transverse mass mT is deﬁned by
mT =
q
m2 + p2T : (4.120)
For the pT -distribution the dominant contributions originating from soft gluon emission have
again the structure (4.76), with the variable  replaced by (cf. [129])
T =
p
1 Q2=s ; (4.121)
with Q = 2mT instead of Q = 2m as in the inclusive case. Therefore the Mellin transform is
taken with respect to the scaling variable x^2T = 4m
2
T =s instead of z, i.e.
d~^ij!kl
dpT
 
N
  Z 1
0
dx^2T (x^
2
T )
N 1 d^ij!kl
dpT
 
x^2T

(4.122)
for the partonic subprocess ij ! kl. The derivation of the resummed partonic pT -distribution is
analogue to the inclusive partonic cross section, see Eq. (4.118). The resummed expression reads
d~^
(res;NLL)
ij!kl
dpT
 
N; pT ; 
2
F ; 
2
R

=
X
I
d~^
(0)
ij!kl;I
dpT
 
N; pT ; 
2
R

Cij!kl;I
 
pT ; 
2
F ; 
2
R

(4.123)
 i(N+1; Q2; 2F ; 2R)j(N+1; Q2; 2F ; 2R)(s)ij!kl;I
 
N + 1; Q2; 2R

;
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with Q = 2mT representing the resummation scale. The index I indicates all possible colour
states of the hard scattering. The construction of the colour-decomposed diﬀerential cross section
in pT from the scattering amplitudes can be found in Section 6.1.2. To NLL accuracy, the
coeﬃcients Cij!kl;I are equal to one for all channels and colour structures as explained previously.
Again, the functions i and j sum the eﬀects of the (soft-)collinear radiation from the incoming
partons. They are process- and colour-independent, and are therefore a universal ingredient in
all threshold-resummed cross sections. Expressions can be found in Eqs. (4.97) and (4.103). The
function (s)ij!kl;I , cf. Eq. (4.112), accounts for soft wide-angle emission and depends on the
production process and the colour channel. The values of the coeﬃcients Dij!kl;I used in the
calculation of (s)ij!kl;I follow from the threshold limit of the one-loop soft anomalous dimension
matrix in the way described in Eq. (4.108). If an orthogonal s-channel colour basis is used, the
soft anomalous dimension matrix for the pT -distribution becomes diagonal in colour space in the
threshold limit T ! 0, leading to the colour-diagonal form of the resummation formula given
in Eq. (4.123). Since the threshold limit is deﬁned diﬀerently for the total inclusive cross section
and the pT -distribution, the values of the D-coeﬃcients are diﬀerent as well; in particular, the
D-coeﬃcients now carry pT -dependence.
Multiplying the resummed partonic expression in N -space by the parton density functions
~fi=h1 and ~fj=h2 gives the resummed hadronic cross section in N -space. Taking the inverse Mellin
transform, deﬁned with respect to the hadronic scaling variable x2T = 4m
2
T =S, we obtain
d
(res;NLL)
h1h2!kl
dpT
 
x2T ; pT ; 
2
F ; 
2
R

=
X
i;j=q;q;g
Z
CN
dN
2i
(x2T )
 N ~fi=h1(N+1; 
2
F )
~fj=h2(N+1; 
2
F )
 d
~^
(res;NLL)
ij!kl
dpT
 
N; pT ; 
2
F ; 
2
R

: (4.124)
In order to retain the information contained in the NLO pT -distributions [34], the NLO and
NLL results are combined through a matching procedure that avoids double counting of the
logarithmic terms in the following way:
d
(NLO+NLL)
h1h2!kl
dpT
 
x2T ; pT ; 
2
F ; 
2
R

=
d
(NLO)
h1h2!kl
dpT
 
x2T ; pT ; 
2
F ; 
2
R

(4.125)
+
X
i;j=q;q;g
Z
CN
dN
2i
(x2T )
 N ~fi=h1(N + 1; 
2
F )
~fj=h2(N + 1; 
2
F )

24d~^(res;NLL)ij!kl
dpT
 
N; pT ; 
2
F ; 
2
R
   d~^(res;NLL)ij!kl
dpT
 
N; pT ; 
2
F ; 
2
R

(NLO)
35 ;
where (d~^
(res)
=dpT )j(NLO) represents the perturbative expansion of the NLL pT -
distribution (4.123) truncated at the order of s associated with NLO.
5 Soft-gluon resummation for squark and gluino
hadroproduction
In this chapter we apply soft-gluon resummation up to NLL accuracy to all possible squark and
gluino pair production processes in hadronic collisions. In the MSSM with R-parity conservation,
squarks and gluinos are pair-produced in collisions of two hadrons h1 and h2:
h1h2 ! ~q~q ; ~q~q ; ~q~g ; ~g~g +X : (5.1)
The corresponding leading-order partonic production channels are given by
squark  antisquark production : qq ! ~q~q ;
gg ! ~q~q ;
gluino  gluino production : qq ! ~g~g ;
gg ! ~g~g ;
squark  squark production : qq ! ~q~q ; and
squark  gluino production : qg ! ~q~g: (5.2)
In Eqs. (5.1), (5.2) and throughout the rest of this chapter we suppress the chiralities of the
squarks ~q = (~qL; ~qR) and do not explicitly state the charge-conjugated processes. We include
squarks ~q of any ﬂavour except for top squarks. As explained in Chapter 2 the production of top
squarks has to be considered separately and is discussed in Chapter 6.
Chapter 5 is structured as follows. After having deﬁned the relevant kinematical quantities
in Section 5.1 we present colour bases for each subprocess in Section 5.2. These are required for
performing resummation for the production of coloured particles up to NLL accuracy since soft
gluon emission is sensitive to the underlying colour structure of the hard scattering process at
this order. In Section 5.3 we continue with the calculation of the colour-decomposed leading-
order cross sections, both in momentum and Mellin space. The derivation of the soft anomalous
dimensions including the threshold limit is content of Section 5.4. We give expressions for
general SU(NC ) if not stated otherwise. The calculation of the exponential factors up to NLL
accuracy which resum the logarithmic enhanced terms describing soft gluon radiation to all
orders in perturbation theory is described in Section 5.5. Based on all these parts constituting
the resummed cross section, we discuss its expansion up to NLO accuracy in Section 5.6. This
is required for the matching with the full NLO result. Moreover, we give a detailed comparison
of the logarithmic enhanced terms of these NLO expanded expressions and the full NLO result
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in the threshold region. This provides a powerful check of our results. The next step is the
numerical implementation of the resummed cross section in order to obtain results for hadronic
cross sections. This requires the treatment of the inverse Mellin transform to compute results
in physical momentum space. The latter is explained in Section 5.7 including a description how
to obtain parton distribution functions in Mellin space. Finally, we present numerical results for
the Tevatron and the LHC in Section 5.8 and discuss implications for experimental searches.
5.1 Kinematics
First we introduce the relevant kinematical deﬁnitions that are used in the calculation. We
consider the following generic process
i(a1; p1) j(a2; p2) ! k(a3; p3) l(a4; p4) ; (5.3)
where the colour indices ai and the momenta of the particles pi are given in parentheses. In those
cases where a ﬁnal-state squark features in the process, summation over both squark chiralities
(~qL and ~qR) and all possible squark ﬂavours is implied, the latter being restricted by the choice
of initial-state quark ﬂavours. For the processes investigated here, we exclude top squarks from
the ﬁnal state and restrict the number of ﬂavours to nf = 5. In view of the absence of top squark
ﬁnal states, all squark-ﬂavour and chirality states are considered to be mass degenerate.
The analytical results presented in Sections 5.2 – 5.6 are derived for a general SU(NC )-theory,
with NC denoting the number of colours. This means that the colour indices ai for gluons and
gluinos can takeN2
C
 1 diﬀerent values, since these particles are in the adjoint representation. For
(s)quarks, which are in the fundamental representation, the colour indices are NC -valued. The
Casimir invariant belonging to the fundamental representation is given by CF = (N2C   1)=(2NC )
and for the adjoint we have CA = NC . Note that for the subprocess gg ! ~g~g we give results for
SU(3).
The particle momenta featuring in the generic process (5.3) obey the on-shell conditions
p21 = p
2
2 = 0 , p23 = m23 and p24 = m24. For the kinematical description of the reactions the
standard Mandelstam invariants
s =(p1 + p2)
2 ;
t =(p1   p3)2 ;
u =(p1   p4)2 ; (5.4)
are used. In the centre-of-mass frame of the ﬁnal-state particles the absolute value of the ﬁnal-
state momenta can then be written as
j~p3jcm = j~p4jcm = 1
2

p
s ; (5.5)
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with the velocity  as already deﬁned in Eq. (4.76)
 =
r
1  (m3 +m4)
2
s
; (5.6)
and
 
r
1  (m3  m4)
2
s
: (5.7)
The presence of the factor  is special to the case of unequal masses. As Eq. (5.5) shows, it
occurs quite naturally in matrix-element expressions for the processes we consider in this study.
We could have deﬁned the variable 0 =  and taken moments with respect to this variable.
Instead we have opted to use the variable  in our calculations in order to facilitate convolutions
underlying the resummation. Because log 0 = log  + log , choosing 0 would have resulted in
diﬀerent subleading logarithmic terms in the expressions for the resummed partonic cross sec-
tions. To NLL accuracy these diﬀerences within the logarithmic terms are cancelled by diﬀerent
terms arising from the convolutions.
In order to present the results for the leading-order partonic cross sections it is helpful to
introduce two more shorthand notations:
m2+  m2~g +m2~q ;
m2   m2~g  m2~q : (5.8)
5.2 Colour bases in the s-channel
As discussed in Section 4.3, colour correlations need to be taken into account once NLL soft-gluon
resummation is performed for processes involving pair production of coloured particles. To this
end an appropriate colour basis has to be chosen. We have opted to use an s-channel colour basis,
which traces the colour ﬂow through the s-channel and has the virtue of rendering the anomalous
dimension matrices diagonal at threshold [36, 37, 39, 112]. Since we are dealing with two coloured
particles in both initial and ﬁnal state, the s-channel basis is obtained by performing an s-channel
colour decomposition of the reducible two-particle product representations into irreducible ones.
If the product representations are not the same for the initial and ﬁnal state as e.g. for the
process qq ! ~g~g where we have 3
 3 and 8
 8 one ﬁnds irreducible representations that occur
in both decompositions which then form a basis. For all processes except for gg ! ~g~g we give the
s-channel basis in general SU(NC ). In a general SU(NC )-theory the dimensions of the various
representations are of course diﬀerent from those for NC = 3, but the number of base tensors for
the considered processes remains the same. The s-channel bases for squark-antisquark for both
initial states may easily be derived and are identical to those for heavy quark production [112].
For gluino-pair production the bases are given in [36, 37] whereas the derivation is based on the
procedure used in [117]. Details about the construction of the base tensors for qq ! ~q~q and
qg ! ~q~g can be found in [58]. The procedure described therein is similar to the one of Ref. [39]
which is based on an analysis in terms of Clebsch–Gordon coeﬃcients.
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Squark–Antisquark
For the production of a squark-antisquark pair via a quark-antiquark initial state we have the
same product representation in the initial and ﬁnal state. Since the (s)quarks are in the 3 and
the anti-(s)quarks in the 3 representation the representation of the product is given by 3 
 3.
This direct product can be decomposed into the irreducible representations 1 and 8
3
 3 = 1 8: (5.9)
The corresponding s-channel colour bases for the above representations are given by
cqq!~q~q;1 = a1a2a3a4 ;
cqq!~q~q;8 = T
c
a2a1T
c
a3a4 : (5.10)
The indices ai with i = 1:::4 refer to the fundamental representation whereas the index c refers to
the adjoint representation. Note that repeated indices are implicitly summed over. The matrices
T ca2a1 are the generators of the group SU(NC ).
For the subprocess gg ! ~q~q the decomposition of the initial state product representation is
given by
8
 8 = 1 8A  8S  10 10 27 ; (5.11)
whereas the ﬁnal-state decomposition is already given in Eq. (5.9). Thus the basis for the
subprocess gg ! ~q~q consists of three tensors belonging to the representations 1;8A;8S. Using
the product formula for the SU(NC )-generators
T a1a3dT
a2
da4
=
1
2NC
a1a2a3a4 +
1
2
(da1a2c + ifa1a2c)T
c
a3a4 ; (5.12)
where fa1a2c (da1a2c) are the totally antisymmetric (symmetric) structure constants of SU(NC ),
one ﬁnds the following base tensors
cgg!~q~q;1 = a2a1a3a4 ;
cgg!~q~q;8A = ifa1a2cT
c
a3a4 ;
cgg!~q~q;8S = da1a2cT
c
a3a4 : (5.13)
Note that the indices a1; a2 are now indices of the adjoint representation while a3; a4 are those
of the fundamental representation.
Gluino–Gluino
Solely concerning the colour content, the process
q(a1)q(a2)! ~g(a3)~g(a4) (5.14)
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can be seen as the time reversed process of
g(a4)g(a3)! ~q(a1)~q(a2): (5.15)
Therefore the basis can be obtained from Eq. (5.13) by interchanging the indices ai accordingly
which leads to
cqq!~g~g;1 = a2a1a3a4 ;
cqq!~g~g;8A = ifa3a4cT
c
a2a1 ;
cqq!~g~g;8S = da3a4cT
c
a2a1 : (5.16)
For the subprocess gg ! ~g~g we have the same representation in the initial and ﬁnal state,
i.e. 8 
 8. The decomposition of the product 8 
 8 into irreducible representations is already
given in Eq. (5.11). The construction of the base tensors is less obvious and explained in detail
in [117] for the process gg ! gg for a t-channel basis considering the SU(3) case. In [36, 37] this
procedure was applied to an s-channel basis for gg ! ~g~g. The basis reads
cgg!~g~g;1 =
1
8
a1a2a3a4 ;
cgg!~g~g;8A =
1
3
fa1a2cfca3a4 ;
cgg!~g~g;8S =
3
5
da1a2cdca3a4 ;
cgg!~g~g;1010 =
1
2
(a1a3a2a4   a1a4a2a3) 
1
3
fa1a2cfca3a4 ;
cgg!~g~g;27 =
1
2
(a1a3a2a4 + a1a4a2a3) 
1
8
a1a2a3a4  
3
5
da1a2cdca3a4 ;
cgg!~g~g;6 =
i
4
(fa1a2cdca3a4 + da1a2cfca3a4) ;
cgg!~g~g;7 =
i
4
(fa1a2cdca3a4   da1a2cfca3a4) ;
cgg!~g~g;8 =
i
4
(da1a3cfca2a4 + fa1a3cdca2a4) ; (5.17)
whereas the ﬁrst ﬁve base tensors belong to the representations 1;8A;8S;10 10;27, respec-
tively.
Squark–Squark
In squark-squark production (qq ! ~q~q) both the initial and ﬁnal state are in the 3
 3 represen-
tation and the decomposition is given by
3
 3 = 3 6: (5.18)
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The corresponding s-channel base tensors read [58]
cqq!~q~q;3 = a1a4a2a3   a1a3a2a4 ;
cqq!~q~q;6 = a1a4a2a3 + a1a3a2a4 : (5.19)
In the SU(3) case this basis coincides up to normalisation factors with the base tensors given in
Ref. [39] for the 3 and 6 representations.
Squark–Gluino
For squark-gluino production (qg ! ~q~g) the product representation 3
 8 applies to both initial
and ﬁnal state. Its decomposition is given by
3
 8 = 3 6 15 : (5.20)
For the s-channel colour decomposition the following three base tensors are used [58]:
cqg!~q~g;3 =
 
T a4T a2

a3a1
;
cqg!~q~g;6 =
NC   2
NC
a2a4a1a3   2dca4a2T ca3a1 + 2
NC   2
NC   1
(T a4T a2)a3a1 ;
cqg!~q~g;15 =
NC + 2
NC
a2a4a1a3 + 2dca4a2T
c
a3a1   2
NC + 2
NC + 1
(T a4T a2)a3a1 : (5.21)
In the SU(3) case this basis coincides up to normalisation factors with the base tensors given in
Ref. [39] for the 3, 6 and 15 representations.
5.3 Colour-decomposed leading-order partonic cross sections
5.3.1 Colour-decomposed leading-order partonic cross sections in momentum space
Having deﬁned the base tensors for each partonic process, which form an s-channel colour basis,
we can now derive the results for the colour-decomposed partonic cross sections for all squark
and gluino pair production processes. These partonic cross sections are summed over ﬁnal-state
spin, chirality and ﬂavour and averaged over initial-state spin and colour. We present results for
general SU(NC ) for each process except for gg ! ~g~g where we give expressions for SU(3).
By choosing an orthogonal s-channel colour basis the resummation formula simpliﬁes sig-
niﬁcantly as explained in Section 4.3. One of the ingredients of the NLL resummation formula
are the contributions ^(0)I to the LO cross section ^
(0) coming from each colour channel I. One
way to obtain the LO colour-decomposed cross sections ^(0)I is given by calculating the LO soft
function ~S(0)IJ and the LO hard function H
(0)
IJ following [118]. Both ~S
(0)
IJ and H
(0)
IJ represent ma-
trices in colour tensor space. The leading-order soft function is given by ~S(0)IJ = tr(c
y
IcJ), cf.
Eq. (4.88). Note that at leading order the soft function ~S(0)IJ is purely given by colour factors
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and thus ~S(0)IJ = S
(0)
IJ . The leading-order hard function H
(0)
IJ is given by H
(0)
IJ = h
(0)
I h
(0)
J , cf.
Eq. (4.84), and is derived by projecting the leading-order amplitudes A onto the chosen colour
basis. The colour-dependent hard scattering amplitude is given by
h
(0)
I = (S
(0)) 1IKtr

cyKA

; (5.22)
and its conjugate reads
h
(0)
J = tr

AycK

(S(0)) 1KJ ; (5.23)
where
 
(S(0)) 1
T
KJ
= (S(0)) 1KJ is used and the trace is taken in colour tensor space. The multi-
plication with the inverse of soft function in Eqs. (5.22) and (5.23) can therefore be understood
as a normalisation factor concerning colour. The relevant Feynman diagrams which contribute
to the lowest-order amplitudes of the considered processes are shown in Fig. 5.1. We apply
Feynman rules in the Feynman gauge which can be found e.g. in Refs. [33, 130, 131]. For the
treatment of gluinos which are Majorana particles the Feynman rules are deﬁned for a speciﬁc
fermion ﬂow. Details about the latter are given in Ref. [132]. For the calculation of H(0)IJ we sum
over ﬁnal-state spin, chirality and ﬂavour and average over initial-state spin and colour. The
resulting matrix H(0)IJ is real and symmetric. We deﬁne
MIJ  H(0)IKS(0)KJ (5.24)
to express the colour-decomposed lowest-order double diﬀerential cross section
s2
d2^
(0)
I
dt du
=
1
16
([t  p24][u  p24]  p24s)(s  4m2)(s+ t+ u  p23   p24)MII ; (5.25)
where MII are the diagonal elements of the resulting matrix and m is the average mass of the
produced particles. Integrating over the remaining Mandelstam variables, which are deﬁned in
Eq. (5.4), yields the colour-decomposed leading-order partonic cross section ^(0)I . For details on
the boundaries of the integration we refer to [33]. If the leading-order cross section does not span
the full colour tensor space the corresponding contribution with respect to the speciﬁc colour
channel ^(0)I is zero as it is e.g. the case for the process gg ! ~g~g, see below. The sum over all
colour channels I provides the total cross section which can be found in [33]. In the following we
give an example calculation for the process qq ! ~q~q. The other subprocesses are calculated in a
complete similar way. For the calculation we used the Mathematica-package FeynCalc [133] for
manipulations concerning colour issues whereas we used the computer program Form [134] for
the kinematic part.
Squark–Antisquark
The contributing leading-order Feynman diagrams for the process qq ! ~q~q are shown in Fig. 5.1.
Separating the colour part from the kinematic part denoted by Mi for each diagram i the
amplitude reads
A = T ca2a1T ca3a4M1 + T ca2a4T ca3a1M2; (5.26)
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qq! ~q~q :
g
p2
p1 p3
p4
q(a1, p1)
q¯(a2, p2)
q˜(a3, p3)
¯˜q(a4, p4)
g˜
gg! ~q~q :
qq! ~g~g :
gg! ~g~g :
qq! ~q~q :
qg! ~q~g :
Figure 5.1: Leading-order Feynman diagrams for squark and gluino pair production processes
5.3 Colour-decomposed leading-order partonic cross sections 57
whereas the amplitudeM1 contributes only for equal quark ﬂavours denoted in the following by
ij . The amplitudes M1;2 are given by
M1 = iijg2s
v(p2)
u(p3)(p1 + p2)
s+ i
(5.27)
and
M2 =  2ig2s
v(p2)5(=p4   =p2 +m~g)5 u(p3)
t m2~g + i
; (5.28)
where u; v are Dirac spinors. Note that in Eq. (5.28) we sum over the chirality of the ﬁnal-state
squarks already at the amplitude level. In the singlet-octet s-channel basis, deﬁned in Eq. (5.10),
the leading-order soft function is given by
S
(0)
IJ =
0B@ N2C 0
0
N2
C
 1
4
1CA : (5.29)
Using Eq. (5.22) for the calculation of hI leads to
h
(0)
I =
0B@ N
2
C
 1
2N2
C
M2
M1   1N
C
M2
1CA ; (5.30)
and ﬁnally the hard scattering matrix reads
H
(0)
IJ =
0B@ H11 H12
H21 H22
1CA ; (5.31)
whereas the entries of the matrix are given by
H11 =
322
S
2C2F
N4
C
t~qu~q   (m2~q  m2~g)s
t2~g
; (5.32)
H12 = H21 = ij
322
S
2CF
N3
C
t~qu~q  m2~qs
st~g
  32
2
S
2CF
N4
C
t~qu~q   (m2~q  m2~g)s
t2~g
; (5.33)
and
H22 = ij
64nf
2
S
2
N2
C
t~qu~q  m2~qs
s2
  ij
64nf
2
S
2
N3
C
t~qu~q  m2~qs
st~g
+
322
S
2
N4
C
t~qu~q   (m2~q  m2~g)s
t2~g
; (5.34)
with the modiﬁed Mandelstam variables
t~q = t m2~q ; u~q = u m2~q ;
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t~g = t m2~g ; u~g = u m2~g : (5.35)
Using Eq. (5.25) and carrying out the integration over phase space one gets the leading-order
cross section decomposed into its contributions to the colour channel I, representing singlet and
octet colour channels in this case,
^
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S

s
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with
L1 = log
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
: (5.37)
The quantities  and m2 are deﬁned in Eqs. (5.6) and (5.8) using m3 = m4 = m~q. Note that in
Eq. (5.36) and in the following we suppress (s  4m2) indicating the production threshold.
For the process gg ! ~q~q the contributions to each of the colour channels deﬁned by the
colour basis given in Eq. (5.13) read
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We observe that only for the gluon fusion channel the leading-order cross section depends solely
on the mass of the produced particles, i.e. m~q. For the quark initial state we get an additional
dependence on the gluino mass m~g due to the production mechanism via gluino exchange, see
Fig. 5.1. The dependence of the cross section on the gluino mass can be expressed in terms of
the ratio r = m~q=m~g which will be used in the following.
Gluino–Gluino
Gluino-pair production proceeds via two production channels, i.e. quark-antiquark and gluon-
gluon initial state, see Fig. 5.1. In the ﬁrst case we use the basis given in Eq. (5.16) yielding the
following contributions per colour channel to the total cross section
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and  as deﬁned in Eq. (5.6) using m3 = m4 = m~g.
If the initial state consists of two gluons we use the basis given in Eq. (5.17) for SU(3). The
colour-decomposed cross section in this basis is given by
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For that subprocess we have no contributions to the total cross section from the colour channels
10 10 and I = 6; 7; 8. From this it follows that also the NLL result receives no contribution
from these channels. As in the case of squark-antisquark production, only the result for the
gluon initial state is independent of r.
Squark–Squark
The Feynman diagrams for the process qq ! ~q~q are shown in Fig. 5.1. The case of having
identical particles occurs if the squarks have the same ﬂavour and chirality. In the colour basis
deﬁned in Eq. (5.19) the colour-decomposed cross section is given by
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where the variable  is deﬁned in Eq. (5.6) using m3 = m4 = m~q. Due to the production
mechanism via gluino exchange the cross sections ^(0)qiqj!~q~q;I depend on the mass of the gluino
m~g and therefore on the parameter r.
Squark–Gluino
The production of a squark-gluino pair, see Fig. 5.1, is the only case were two diﬀerent masses
in the ﬁnal state occur leading to a more complicated kinematical structure. The colour de-
composition is carried out by using the deﬁnition of the base tensors given in Eq. (5.21) for the
orthogonal s-channel basis. This leads to the following contributions for each colour channel I
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where the logarithms L3 and L4 are deﬁned as
L3 = log
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The occurrence of the quantity  reﬂects the more involved kinematics and is deﬁned together
with  in Eqs. (5.6) – (5.7), using m3 = m~q and m4 = m~g. The leading-order cross section
contributions depend on both the squark and the gluino mass and therefore on r.
Results for ^(0)ij!kl;I can also be found in [37] for squark-antisquark and gluino-pair production
for the case of SU(3). The presented results therein are consistent with our expressions for
NC = 3. Moreover, for each partonic subprocess it can easily be checked that the sum over
the colour channels agree with the total cross section which have been published in [33]. The
threshold limit of the colour-decomposed cross sections will be discussed in Section 5.6, where
the NLO expansions of the NLL-resummed cross sections are derived.
5.3.2 Colour-decomposed leading-order partonic cross sections in Mellin space
In this section we present the analytical results for the Mellin transforms of the LO cross sections
for all squark and gluino pair production processes. The cross sections are colour-decomposed
in general SU(NC ) and have been derived in Section 5.3.1. For the process gg ! ~g~g we give
expressions for SU(3). The general SU(NC ) results in Mellin space agree in the case of NC = 3
with those presented in [37] for squark-antisquark and gluino-pair production.
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The Mellin transform is taken with respect to the partonic threshold variable z = 4m2=s^,
where m is the averaged mass of the produced particle pair,
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with ^(0)ij!kl;I(z) which can be found in Section 5.3.1.
Squark–Antisquark
The expressions for the colour-decomposed LO N -space cross sections for the process qq ! ~q~q
are given by
~^
(0)
qiqj!~q~q;1(N) =
2
S
BN
m2~q
 
N2
C
  12
8N4
C
1
(2N3 + 9N2 + 13N + 6) (r2 + 1)

h
 (r2 + 1)N(2N + 3) + 2(r2N +N + 2)(N + 1)G(1)N
+ (r2 + 1)(N2 + 3N + 2)G
(2)
N
i
;
~^
(0)
qiqj!~q~q;8(N) =
2
S
BN
m~q2
"
N2
C
  1
8N2
C
ijnf
(4N2 + 16N + 15)
+
N2
C
  1
4N3
C
ij

(r2 + 1)(3r2 +N (2r2   1)  2)  2r4(N + 1)G(1)N

(2N3 + 13 N2 + 27N + 18) (r4   1)
35
+
1
N2
C
  1
~^
(0)
qq!~q~q;1 ; (5.46)
where we have used the abbreviations BN for the Euler beta function which is deﬁned as
BN  (N + 1; 1=2) =  (N + 1) (1=2)
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with r = m~g=m~q.
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For the gluon-gluon initial state we can express the results in terms of BN . The contributions
to each colour channel are given by
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Gluino–Gluino
For the quark-antiquark initial state the results for the diﬀerent colour channels are given by
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where JN stands for the integral
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For the solution of Eq. (5.52) we used the following expansion
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For the gluon initial state we give the results for the case of SU(3), see Section 5.2. The
N -space expressions for the colour-decomposed cross section in x-space, Eq. (5.41), read
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Squark–Squark
The expressions for the colour-decomposed leading-order N -space cross sections for the process
qq ! ~q~q are given by
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For the numerical evaluation of HN we use the expansion
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Squark–Gluino
For the process qg ! ~q~g the N -space results read
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where we introduced the following abbreviations for diﬀerent types of hypergeometric functions:
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The expressions shown here are rewritten to present them in a compact form. Note that some of
the expressions contain spurious singularities which disappear after proper rewriting. However,
for the numerical implementation of these analytical expressions it is necessary to express them in
a diﬀerent form in order to make them numerically well suited for all values of r. The numerical
evaluation of the hypergeometric functions is done via their series expansions. If the expansion
is done in the parameter

r2 1
r2+1
2
as e.g. in G(1)N it is convergent for all values of r. Hence, for
the function G(2)N , where the series expansion is not convergent for all values of r, we express
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which has a series expansion which is convergent for all values of r.
5.4 Soft anomalous dimensions
As we reviewed in Section 4.3 below Eq. (4.106), resummation to NLL accuracy requires the one-
loop anomalous dimensions  (1)IJ of the products of Wilson-line operators connected by a base
tensor cI . To this end one must compute the UV-divergences from their loop corrections, and
from these the renormalisation constants ZIJ for these operators. The anomalous dimensions
can be computed from the residues of the UV-poles in the renormalisation constants ZIJ .
In the following we explain the calculation of the anomalous dimensions at one-loop for 2!2
processes in heavy (s)particle production. For the calculation of  (1)IJ we only need Z
(1)
IJ to one-
loop order. We start with the renormalisation of the soft function presented in Eq. (4.93). Since
we are interested in the one-loop result we expand the matrices SIJ and ZIJ in S to one-loop
order and obtain
S
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IJ ;
S
(1)
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IJ  

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BJ + S
(0)
IAZ
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
; (5.62)
with S(0)IJ = tr

c
y
I cJ

. The renormalisation constants constitute a matrix in colour tensor space
describing the overall renormalisation of the soft function. For the calculation of Z(1)IJ we have to
extract the UV-divergent part of the one-loop corrections to the base tensors cJ connecting the
Wilson lines as explained in Sections 4.3.1 and 4.3.2. The corresponding diagrams with single-
gluon exchange are shown in Fig. 5.4. Note that Z(1)IJ includes the wave function renormalisation
for the outgoing heavy sparticle lines.
At leading-order the eikonal vertices describe only colour ﬂow which changes at higher orders.
The complete one-loop correction to cJ can be divided into a colour part and a kinematic part
W
(1)
J =
X
ab
CabJ 

ab ; (5.63)
whereas in general the colour part CabJ is a linear combination of the base tensors cJ which
reﬂects the mixing of the colour tensors caused by the additional gluon exchange. The indices
a and b denote the eikonal lines where the additional gluon is attached and the sum is taken
over all possible combinations of ab. For simplicity we use i = 1; j = 2; k = 3 and l = 4 for the
identiﬁcation of the eikonal lines. Note that the kinematic part 
ab vanishes when calculated in
dimensional regularisation, see Section 5.4.3. However, we need to extract the UV-poles of the
kinematic part

abjUV pole = !ab; (5.64)
which do not vanish. The calculation of the eikonal integrals that constitute !ab are presented
in detail in Section 5.4.3. We can write the colour part CabJ more explicitly by introducing the
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CJ CJ
CJ
CJ
CJ
CJ
CJ
CJ
1(a1, v1) 3(a3, v3)
2(a2, v2) 4(a4, v4)
Figure 5.2: One-loop corrections to the base tensors cJ connecting the Wilson lines a and b with
a; b = 1:::4 where 1(a1; v1), 2(a2; v2) are lightlike and 3(a3; v4), 4(a4; v4) are timelike.
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colour mixing matrix CabKJ deﬁned as
CabJ = cKCabKJ : (5.65)
Using the relation between the UV-divergent part of W (1)J and the renormalisation constants
W
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we ﬁnd
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The matrix elements of CabKJ are obtained from the decomposition of the one-loop colour structure
into the base tensors using group theory relations. However, concerning practicability especially
when automatising the calculation it is useful to deﬁne
W
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y
IW
(1)
J : (5.68)
The UV-part of W (1)IJ can be written as
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abIJ!
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whereas abIJ obeys
abIJ = c
y
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from which we can extract the colour mixing matrix as
CabKJ = (S(0)) 1KIabIJ : (5.71)
The matrix of renormalisation constants Z(1)IJ can be derived by normalisation of 
ab
IJ to the LO
soft function together with Eq. (5.67)
Z
(1)
KJ = (S
(0)) 1KI
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ab
abIJ!
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The method described in Eqs. (5.68) – (5.72) is advantageous if the colour structure is more
involved like for the process gg ! ~g~g. From the matrix Z(1)IJ we can calculate the soft anomalous
dimension matrix  (1)IJ . Using Eq. (4.95) the one-loop soft anomalous dimension can be expressed
as
 
(1)
IJ =  
X
ab
CabIJRes!0 !ab : (5.73)
We continue with an example calculation for the process qq ! ~q~q for two diﬀerent choices of
base tensors. This basis does not necessarily need to be orthogonal. However, it is advantageous
to ﬁnd a basis where the soft anomalous dimension becomes diagonal at threshold because it
simpliﬁes the solution of the renormalisation group equation for the soft function considerably
as discussed in Section 4.3.
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a1
a2
a3a1
a2 a4
a3
a4
cs1 : ct1 :
Figure 5.3: Colour basis for the process qq ! ~q~q: s-channel singlet and t-channel singlet
First we choose a non-orthogonal basis with singlet-exchange in the s- and t-channel
cI =
0B@ cs1
ct1
1CA =
0B@ a2a1a3a4
a1a3a2a4
1CA ; (5.74)
where a1 and a2 represent the colour indices for the incoming quark and antiquark and a3 and
a4 for the outgoing squark and antisquark both in the fundamental representation of SU(NC ).
The soft function at leading order, where we have no gluon exchange, reads then
S
(0)
IJ =
0B@ N2C NC
NC N
2
C
1CA : (5.75)
Now, we consider the case where a gluon is exchanged between the initial-state particles and
calculate the colour mixing matrix C12IJ . The colour structure of this initial-state virtual correction
is given by
C12J = T
d
a2b2cJT
d
b1a1a3b3b4a4 : (5.76)
Inserting the base tensors cJ leads to
C12J =
0B@ T da2b1T db1a1a3a4
T da2a4T
d
a3a1
1CA ; (5.77)
which can be expressed in terms of the base tensors by using the Fiertz-identity
T da2a1T
d
a3a4 =
1
2

a2a4a1a3  
1
NC
a2a1a3a4

; (5.78)
whereas its diagrammatic represention is shown in Fig. 5.4. Finally, the colour decomposition
reads
C12J =
0B@ CF cs1
1
2ct1   12N
C
cs1
1CA ; (5.79)
and we see that the gluon exchange does not lead to any colour mixing in the singlet s-channel,
whereas the singlet t-channel becomes an octet state which in turn can be expressed as a linear
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1
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a3a1a1
a2a2 a4a4
a3 a3
a4
1
2NC
= −
Figure 5.4: Graphical representation of the colour decomposition in Eq. (5.78)
combination of the singlet states which form our basis. From Eq. (5.79) we can easily read oﬀ
the colour mixing matrix C12KJ
C12KJ =
0B@CF 12
0   12N
C
1CA : (5.80)
If the colour structure is more involved as e.g. for gg ! ~g~g it is advantageous to follow
Eqs. (5.69) – (5.71) for calculating the colour mixing matrices CabIJ . For the computation we
used the Mathematica-package FeynCalc [133] and we derived the anomalous dimensions for all
considered processes following this approach. To illustrate this we give the results in our example
calculation. The colour structure reads then
12IJ =

cyIT
d
a2b2cJT
d
b1a1a3b3b4a4

; (5.81)
and for the chosen basis it becomes
12IJ =
0B@N2CCF NCCF
NCCF 0
1CA : (5.82)
Multiplying the matrix by (S(0)) 1KI according to Eq. (5.71) leads to C12IJ , cf. Eq. (5.80). The
colour decompositions for the other contributing diagrams, shown in Fig. 5.4, are computed in
a similar way. By combining the colour decompositions with their corresponding kinematic part
!ab one gets the following expression for the anomalous dimension matrix
 (1) =
264  11  12
 21  22
375 ; (5.83)
with
 11 =  Res!0

CF

!12 + !34 +
1
2
!33 +
1
2
!44

  1
2NC
 
!13 + !24 + !23 + !14

;
 12 =  Res!0

1
2
(!12 + !34 + !14 + !23)

;
 21 =  Res!0

1
2
 
!13 + !24 + !23 + !14

;
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 22 =  Res!0

  1
2NC
 
!12 + !34 + !14 + !23

+ CF

!13 + !24 +
1
2
!33 +
1
2
!44

: (5.84)
Inserting the corresponding expressions for the eikonal integrals !ab, which can be found in
Eq. (5.147), leads to
 11 =
S


CF

2 log

t1
u1

  log(2pa3a4)  L   i

  CA log

t1
u1

; (5.85)
 12 =
S
2
"
log
 
m2~qs
u21
!
  L   i
#
;
 21 =
S

log

t1
u1

;
 22 =
S

(
CF

2 log

t1
u1

  log(2pa1a2)  L   i

+
CA
2
"
  log
 
m2~qs
u21
!
+ L + i
#)
;
where the gauge-dependent variable a is deﬁned in Eq. (5.145) and the eikonal function L ,
which is derived in Section 5.4.3, reads
L =
1 + 2
2

log

1  
1 + 

+ i

: (5.86)
Note that the contributions from the squark self-energies !33 and !44, which are diagonal in
colour tensor space, contribute only to one half due to the deﬁnition of the renormalisation
constant. The gauge-dependent terms L3 and L4 are cancelled by the inclusion of the squark
self-energies as expected. 1 The remaining gauge-dependent terms, whereas its gauge dependence
is expressed via a, are cancelled by the corresponding terms of the incoming jet functions. In
Eq. (4.111) we have therefore deﬁned the gauge-invariant one-loop soft anomalous dimension
 
(1)
IJ which includes this cancellation explicitly, see Section 4.3 for further details. Applying
Eq. (4.111) to Eq. (5.85) leads to
 (1) =
264  11  12
 21  22
375 ; (5.87)
with
 11 =
S


CF

2 log

t1
u1

  L   1

  CA log

t1
u1

;
 12 =
S
2
"
log
 
m2~qs
u21
!
  L   i
#
;
 21 =
S

log

t1
u1

;
1Note that the result for  1 agrees with the result for  1 computed for heavy quark production via a quark-
antiquark initial state qq ! QQ [112] calculated in an u-channel basis when interchanging u1 $ t1 to obtain the
result for qq ! Q Q.
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 22 =
S

(
CF

2 log

t1
u1

  L   1

+
CA
2
"
  log
 
m2~qs
u21
!
+ L + i
#)
; (5.88)
which is gauge invariant due to its deﬁnition. Calculating the threshold limit  ! 0 of Eq. (5.88)
results in
lim
!0
 11 =
S
2
CF

  i


;
lim
!0
 12 =
S
2

1  i   i
2

;
lim
!0
 21 = 0 ;
lim
!0
 22 =
S
2

2CF

  i
2

+ CA

i +
i
2
  1

; (5.89)
which is not diagonal at threshold, see also Ref. [112]. It is of course still possible to diagonalise
this matrix, however it is much easier to start with a basis in which the anomalous dimension
becomes diagonal at threshold. It turned out that this is the case for an orthogonal s-channel
basis which is given in Eq. (5.10) for the considered example. This s-channel singlet-octet basis
can be expressed in terms of the old basis
cI =
0B@ c1
c8
1CA =
0B@ cs1
1
2ct1   12N
C
cs1
1CA : (5.90)
The result for the soft anomalous dimension will be presented together with those for the
other processes in the following. The orthogonal s-channel bases for the other considered pro-
cesses are given in Section 5.2. In order to present the results for the soft anomalous dimensions
in a compact way, we introduce the following t- and u-channel quantities
  1
2

T (m3) + T (m4) + U(m3) + U(m4)

;

  1
2

T (m3) + T (m4)  U(m3)  U(m4)

; (5.91)
in terms of the t- and u-channel logarithms 2
T (m) = log

m2   tp
sm2

  1  i
2
and U(m) = log

m2   up
sm2

  1  i
2
: (5.92)
2Note that in the case of equal massesm3 = m4 the quantities ;
; T (m) and U(m) reduce to the corresponding
quantities ; 
; T and U deﬁned in Ref. [37].
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5.4.1 Results for the soft anomalous dimension matrices at one-loop
Squark–Antisquark
The one-loop soft anomalous dimensions matrix for the quark-antiquark initial state in squark-
antisquark production in the basis (5.10) is given by
 
(1)
qq!~q~q =
S
2
0BB@   2CF (L + 1)
2CF
CA


4
 CA  + (CA   2CF ) (L + 1) + (8CF   3CA)

1CCA :
(5.93)
For the gluon initial state the soft anomalous dimension in the basis (5.13) reads
 
(1)
gg!~q~q =
S
2
0BBBBBBBB@
  (1)
gg!~q~q;11 0 2

0  
(1)
gg!~q~q;22 NC 

4

N2
C
  4
NC

  
(1)
gg!~q~q;22
1CCCCCCCCA
; (5.94)
with
 
(1)
gg!~q~q;11 =   2CF (L + 1) ;
 
(1)
gg!~q~q;22 = CA  + (CA   2CF ) (L + 1) : (5.95)
The results for  qq!~q~q and  gg!~q~q, which can be derived with the use of Eq. (4.111) agree with
those for heavy quark production [112, 118].
Gluino–Gluino
The one-loop soft anomalous dimensions matrix for the quark-antiquark initial state in the
basis (5.17) is given by
 
(1)
qq!~g~g =
S
2
0BBBBBBBB@
  2CA (L + 1) 0 2

0 CA    2CA (L + 1) NC 

4

N2
C
  4
NC

 CA    2CA (L + 1)
1CCCCCCCCA
: (5.96)
Since we are considering massive particles in the ﬁnal state the results for the soft anomalous
dimensions for  (1)qq!~g~g is not identical to the one for gg ! ~q~q, cf. Eq. (5.94), as in the massless
case. The case of massless particle production occurs for qq ! gg and gg ! qq which is discussed
in [117]. In this case the second process is the time reversed process of the ﬁrst one, thus having
the same anomalous dimension matrix.
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For the gluon initial state the soft anomalous dimension in the basis (5.17) has a block-diagonal
form which reads
 
(1)
gg!~g~g =
S
2
0BB@
 
(1)
gg!~g~g ;55 053
035  
(1)
gg!~g~g ;33
1CCA ; (5.97)
where the ﬁve-dimensional matrix is given by
 
(1)
gg!~g~g ;55 =
0BBBBBBBBBBBBBBBBB@
 6 (L + 1) 0 3
 0 0
0 3  3 (L + 1) 3
 6
 0
3
2

 3
 3  3 (L + 1) 0 9
2


0
12
5

 0 6 0
0 0 3
 0 8  4 (L + 1)
1CCCCCCCCCCCCCCCCCA
:
(5.98)
The three-dimensional matrix is diagonal and reads
 
(1)
gg!~g~g ;33 =
0BBBBBBB@
3 U + 3 (L + 1) 0 0
0 3 T + 3 (L + 1) 0
0 0 8
1CCCCCCCA
: (5.99)
The results for  (1)qq!~g~g for NC = 3 and  
(1)
gg!~g~g agree with those obtained in [37] for SU(3).
3
Squark–Squark
In the basis (5.19) the one-loop soft anomalous dimension matrix is given by
 
(1)
qq!~q~q =
S
2
0BB@
 
(1)
qq!~q~q;11   (NC + 1)

  (NC   1)
  (1)qq!~q~q;22
1CCA ; (5.100)
with
 
(1)
qq!~q~q;11 =
(NC + 1)(NC   2)
NC
  NC + 1
NC
(L + 1) ;
3Note that Ref. [37] uses a subtraction term diﬀerent from Eq. (4.111) in the deﬁnition of the gauge-invariant
soft anomalous dimension  .
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 
(1)
qq!~q~q;22 =
(NC   1)(NC + 2)
NC
 +
NC + 1
NC
(L + 1) : (5.101)
Squark–Gluino
In the basis (5.21) the one-loop soft anomalous dimension matrix is given by
 
(1)
qg!~q~g =
S
2
0BBBBBBBB@
 
(1)
qg!~q~g;11
4N2
C
(NC   2)
(N2
C
  1)(NC   1)


4N2
C
(NC + 2)
(N2
C
  1)(NC + 1)


1
2 

 
(1)
qg!~q~g;22
NC (NC + 2)
NC + 1


1
2 

NC (NC   2)
NC   1

  
(1)
qg!~q~g;33
1CCCCCCCCA
; (5.102)
with
 
(1)
qg!~q~g;11 = CF +

CF +
1
CF


  N
2
C
+ 1
2NC

T (m~q)  T (m~g)
 NC (Lv3;v4 + 1) ;
 
(1)
qg!~q~g;22 =
(NC   1)(3NC + 1)
2NC
 +

CF   1
NC   1



  N
2
C
+ 1
2NC

T (m~q)  T (m~g)
  (Lv3;v4 + 1) ;
 
(1)
qg!~q~g;33 =
(NC + 1)(3NC   1)
2NC
 +

CF   1
NC + 1



  N
2
C
+ 1
2NC

T (m~q)  T (m~g)

+ (Lv3;v4 + 1) ; (5.103)
where
Lv3;v4 =
2 + 2
2

log
   
+ 

+ i

: (5.104)
The explicit derivation of Eq. (5.104) is presented in Section 5.4.3, see Eq. (5.131), which contains
the calculation of the one-loop eikonal integrals.
5.4.2 The threshold limit
At the production threshold, where  ! 0, the soft anomalous dimension matrices become
diagonal by virtue of using an s-channel basis. The oﬀ-diagonal terms are proportional to 
 and
therefore vanish in the threshold limit. We use the deﬁnition of the one-loop coeﬃcient D(1)ij!kl;I
given in Eq. (4.108) with  (1)II replaced by  
(1)
II . The D
(1)
ij!kl;I -coeﬃcients are proportional to the
total colour charge of the heavy particle pair produced at threshold:
D
(1)
ij!kl;I =  C2(Rij!kl;I) ; (5.105)
with the Casimir invariants C2(Rij!kl;I). They are presented for all squark and gluino pair
production processes in the following.
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Squark–Antisquark
The quadratic Casimir invariants C2(Rqq!~q~q;I) belonging to the representations I spanned by
the base tensors cqq!~q~q;I with I = 1;8 are given by
fC2(Rqq!~q~q;I)g = f0; CAg : (5.106)
For C2(Rgg!~q~q;I) for I = 1;8A;8S they read
fC2(Rgg!~q~q;I)g = f0; CA; CAg : (5.107)
Gluino–Gluino
The Casimir invariants C2(Rqq!~g~g;I) are identical to those for the process gg ! ~q~q since the base
tensors are identical
fC2(Rqq!~g~g;I)g = f0; CA; CAg : (5.108)
For the process gg ! ~g~g we give expressions belonging to the base tensors given in Eq. (5.17)
derived for SU(3). The additional base tensors are combinations of 8A and 8S representations
for I = 6; 7 and in a 10	 10 representation for I = 8
fC2(Rgg!~g~g;I)g = f0; 3; 3; 6; 8; 3; 3; 6g : (5.109)
Squark–Squark
The quadratic Casimir invariants belonging to the representations I = 3;6 spanned by the base
tensors cqq!~q~q;I given in Eq. (5.19) read
fC2(Rqq!~q~q;I)g =

(NC + 1)(NC   2)
NC
;
(NC   1)(NC + 2)
NC

: (5.110)
Squark–Gluino
For the production of a squark-gluino pair the base tensors are in the representations I = 3;6;15
and the corresponding quadratic Casimir invariants are given by
fC2(Rqg!~q~g;I)g =

CF ;
(NC   1)(3NC + 1)
2NC
;
(NC + 1)(3NC   1)
2NC

: (5.111)
In the threshold limit the radiation of soft gluons acts on a single ﬁnal-state system, the heavy
sparticle pair with invariant mass Q2 = 4m2 and total colour charge C2(Rij!kl;I). The under-
lying two-particle system structure cannot be resolved, see [128]. That implies that we have no
contribution from soft gluon radiation for a colour singlet since its total colour charge is zero. In
the following we present the results for the D(1)ij!kl;I -coeﬃcients in the SU(3) case.
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Squark–Antisquark
For the production of a squark–antisquark pair through the qq initial state the coeﬃcients for
the colour channel I are given by
f D(1)
qq!~q~q;Ig = f0; 3g ; (5.112)
and for the gluon initial state they read
f D(1)
gg!~q~q;Ig = f0; 3; 3; g : (5.113)
These results agree with those obtained in [37]. Additionally, the coeﬃcients are identical to
those for heavy quark production, which can be found e.g. in [112, 128].
Gluino–Gluino
For gluino-pair production they are given by
f D(1)qq!~g~g;Ig = f0; 3; 3g (5.114)
and
f D(1)gg!~g~g;Ig = f0; 3; 3; 6; 8; 3; 3; 6g : (5.115)
These coeﬃcients are consistent with those of [37].
Squark–Squark
For the production of a squark-squark pair they read
f D(1)qq!~q~q;Ig = f 4=3; 10=3g : (5.116)
Squark–Gluino
For the squark-gluino production process they are
f D(1)qg!~q~g;Ig = f 4=3; 10=3; 16=3g : (5.117)
The values for the D(1)-coeﬃcients are ﬁnally used for the numerical evaluation of resummed
cross section predictions. We expect the largest impact coming from soft gluon emissions at
NLL given by the exponential factor (s)ij!kl;I for the process gg ! ~g~g and particular in the
colour channel which is in the 27 representation. For the colour singlet channels, where the
D-coeﬃcients are zero, the soft exponential is reduced to (s)ij!kl;I = 1.
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5.4.3 Calculation of one-loop eikonal integrals
In this section we present the calculation of the kinematic part of the one-loop correction 
ab for
the production of two massive particles with unequal or equal masses. We use Feynman rules
in the eikonal approximation which are given in Appendix A and restrict the computation to
the UV-divergent part of 
ab denoted by !ab. The case of unequal masses is required for the
production of a squark-gluino pair with m~q 6= m~g which is special to the production of sparticles.
The kinematic part of the one-loop correction to a vertex cI , where a virtual gluon is ex-
changed between the eikonal lines va and vb, is given by

ab = g2s
Z
ddk
(2)d
 i
(k2 + i)
av

a
(ava  k + i)
bv

b
(bvb  k + i)N
(k); (5.118)
where k denotes the momentum of the gluon. We use the dimensionless vectors va = pa
p
2=s
with pa denoting the momentum of the external particle a. We calculate the gluon propagator
in a general axial gauge with
N(k) = g   n
k + kn
n  k + n
2 k
k
(n  k)2 ; (5.119)
where n is the general axial gauge vector with n2 < 0. In this gauge so called unphysical axial
singularities of the type 1=(k  n)(1;2) arise. One possibility to deal with them is the principal
value prescription, cf. [121],
P
(k  n) =
1
2

1
(k  n+ i) + ( 1)
 1
( k  n+ i)

; (5.120)
with  = 1; 2. We can now rewrite Eq. (5.118) as

ab = I1(ava; bvb)  I2(ava; n)  I2(bvb; n) + I3(n2); (5.121)
with
I1(ava; bvb) = g
2
s
Z
ddk
(2)d
 i
(k2 + i)
abva  vb
(ava  k + i)(bvb  k + i) ; (5.122)
I2(ava; n) = g
2
sbb
Z
ddk
(2)d
 i
(k2 + i)
ava  n
(ava  k + i)
P
(n  k) ; (5.123)
I3(n
2) = g2sbbaa
Z
ddk
(2)d
 i
(k2 + i)
n2
P
(n  k)2 : (5.124)
The above integrals are scaleless and therefore vanish in dimensional regularisation with d = 4 ".
The vanishing can be understood from the cancellation of infrared and ultraviolet poles. The
separation of the ultraviolet poles is given together with the derivation of the results of the
integrals in the following.
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Integral I1
We start with the calculation of the ﬁrst integral I1(ava; bvb) which is independent of the gauge
vector. Using Feynman parametrisation
1
abc
= 2
Z 1
0
dx
Z 1 x
0
dw [a(1  x  w) + bx+ cw] 3; (5.125)
integrating over the loop-momentum k and changing variables leads to the following expression
for I1
I1 =  g2s
d=2
(2)d
26 d  

3  d
2

abva  vb
Z 1
0
dxx3 d(1  x) 5+d (5.126)

Z 1
0
dy
 
(1  y)2v2a + 2y(1  y)abva  vb + y2v2b   i
d=2 3
;
with a scaleless integral over x which contains both UV- and IR-singularities. The pole at x = 1
can be identiﬁed with the IR- and the one at x = 0 with the UV-pole leading to the separation
of both poles [136]Z 1
0
dxx 1+"UV (1  x) 1 "IR =  ( "UV) ("IR)
 ( "UV + "IR)
=
1
"UV
  1
"IR
: (5.127)
 For the case v2a 6= 0 and v2b 6= 0 the integral over y is ﬁnite and the UV-divergent part of
the integral is given by
I
(v2a 6=0;v2b 6=0)
1 jUV pole =Sab
S
"
va  vb (5.128)

Z 1
0
dy
 
ab(1  y)2v2a + 2y(1  y)va  vb + aby2v2b   i
 1
;
where we used 1="UV  1=" and Sab = abab as an overall sign. Only ab =  1 is
allowed for the case v2a 6= 0 and v2b 6= 0 in the considered processes as a result of momentum
conversation. However, the case ab = 1 would lead to a diﬀerent imaginary part.
 If va and vb are timelike and refer to particles with unequal masses, i.e. v2a 6= v2b , the
solution of the integral is given by
I1j(v
2
a 6=v2b 6=0)
UV pole = Sab
S
"
Lva;vb ; (5.129)
with
Lva;vb =
1
2
vabq
v2ab   v2av2b
24log
0@v2b + vab  
q
v2ab   v2av2b
v2b + vab +
q
v2ab   v2av2b
1A
+ log
0@v2a + vab  
q
v2ab   v2av2b
v2a + vab +
q
v2ab   v2av2b
1A+ 2i
35 ; (5.130)
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with vab = va  vb. Using the deﬁnition of  and  in Eqs. (5.6) – (5.7) with ma = m3 and
mb = m4 the integral can be rewritten into the compact form
Lv3;v4 =
2 + 2
2

log
   
+ 

+ i

: (5.131)
If va and vb are timelike and refer to particles with equal masses, i.e. v2a = v2b , Eq. (5.129)
reduces to
I1j(v
2
a=v
2
b 6=0)
UV pole = Sab
S
"
L ; (5.132)
with the well-known eikonal function [125]
L =
1 + 2
2

log
1  
1 + 
+ i

: (5.133)
 If one particle is massive and the other massless, e.g. v2a = 0 and v2b 6= 0, Eq. (5.126)
reduces to
I
(v2a=0;v
2
b 6=0)
1 =  4S26 d
d=2
(2)d
 

3  d
2

abva  vb
Z 1
0
dxx3 d(1  x) 5+d

Z 1
0
dy
 
y2v2b + 2aby(1  y)va  vb   i
d=2 3
: (5.134)
The integral over y is not ﬁnite as in the previously discussed case and its solution is given
in terms of the hypergeometric function 2F1Z 1
0
dy
 
y2v2b + 2aby(1  y)va  vb   i
d=2 3
= 2
f
d
2
 3
d  4 2F1

3  d
2
; 2 + d
2
; 1 + d
2
; g

;
(5.135)
with f = 2abva  vb and g = v
2
b f
f . Using Ref. [137] for the expansion of 2F1 the UV-
divergent part becomes
I
(v2a=0;v
2
b 6=0)
1 jUV pole = Sab
S
2

2
"2
  1
"

E + log

v2abs
2m2b

  log(4)

; (5.136)
with vab = va  vb and v2b = 2m2b=s. The results in Eq. (5.132) and (5.136) agree with those
obtained in the context of heavy quark production in [112].
 If both va and vb are lightlike the UV-divergent part is given by
I
(v2a=v
2
b=0)
1 jUV pole = Sab
S


2
"2
  1
"

E + log

abvab
2
  i

  log(4)

; (5.137)
which agrees with the solution given in [112]. Again, only ab =  1 needs to be considered
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for massive particle production. The case ab = +1 would occur for example if both initial-
and ﬁnal-state particles are treated as massless particles.
Integral I2
We split the integral I2(ava; n) into two parts according to the sign of the gauge vector
I2(ava; n) =
1
2
h
~I2(ava;+n) + ~I2(ava; n)
i
; (5.138)
with
~I2(ava; nn) = g
2
sbb
Z
ddk
(2)d
 i
(k2 + i)
an va  n
(ava  k + i)(nn  k + i) : (5.139)
 If va is timelike the integral becomes
~I2 =  Sabg2s
d=2
(2)d
26 d  

3  d
2

abva  n
Z 1
0
dxx3 d(1  x) 5+d (5.140)

Z 1
0
dy
 
(1  y)2v2a + 2y(1  y)anva  n+ y2n2   i
d=2 3
and its solution is given by
~I
(v2a 6=0)
2 jUV pole =  Sab
S

1
"
La; (5.141)
with
La(ava; nn) =
1
2
va  np
(va  n)2   2m2an2=s
(5.142)

"
log
 
an 2m
2
a=s  va  n 
p
(va  n)2   2m2an2=s
an 2m2a=s  va  n+
p
(va  n)2   2m2an2=s
!
+ log
 
an n
2   va  n 
p
(va  n)2   2m2an2=s
an n2   va  n+
p
(va  n)2   2m2an2=s
!
  an2i
#
;
where we used v2a = 2m2a=s. The i-terms cancel in the sum Eq. (5.138). We therefore
introduce the deﬁnition
La  1
2
[La(ava;+n) + La(ava; n)] : (5.143)
 If va is lightlike the solution of the integral is analogue to the one of Eq. (5.134) and leads
to
I
(v2a=0)
2 jUV pole = Sab
S
2

2
"2
  1
"
[E + log(a)  log(4)]

; (5.144)
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where, in this case, we have chosen n2 =  jnj2   i" to get real expressions, cf. [121]. The
gauge-dependent variable is deﬁned as
a =
(va  n)2
jnj2 : (5.145)
The solutions of the integrals given in Eqs. (5.141) and (5.144) agree with those obtained in [112].
Integral I3
The calculation of the UV-divergent part of the integral I3 is trivial and its solution is given by
I3jUV pole =  SabS

1
"
; (5.146)
which is consistent with the result in [112].
Results for the one-loop correction !ab
The combination of the above results to the one-loop correction !ab leads to the following ex-
pressions
!ab;(v
2
a 6=v2b 6=0) = Sab S
"
[Lva;vb + La + Lb   1] ;
!ab;(v
2
a=v
2
b 6=0) = Sab S
"
[L + La + Lb   1] ;
!ab;(v
2
a=0;v
2
b 6=0) = Sab S
"

 1
2
log

v2abs
2m2b

+ Lb +
1
2
log(a)  1

;
!ab;(v
2
a=v
2
b=0) = Sab S
"

  log
vab
2

+
1
2
log(ab) + i   1

: (5.147)
Note that the double-poles are cancelled when combining the integrals. The kinematic part of
the diagrams shown in Fig. 5.4 for heavy sparticle production can easily be obtained from the
expressions (5.147). The products of dimensionless vectors va; vb can be expressed in terms of
the kinematic variables deﬁned in Section 5.1 as follows:
v12 =1 ; v13 =   t m
2
3
s
; v24 =   t m
2
4
s
;
v14 =  u m
2
4
s
and v23 =  u m
2
3
s
: (5.148)
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5.5 Soft radiative factors
In this section we show how to derive analytical results up to NLL accuracy for the radiative factor
i which describes soft and collinear initial-state radiation and for 
(s)
ij!kl;I which includes soft
eﬀects from ﬁnal-state radiation. Since we consider the production of massive particles no ﬁnal-
state collinear divergences occur which would require the inclusion of ﬁnal-state jet functions,
see e.g. [108].
We start with the exponential of the incoming jet function i = exp (Ei) for i = q; q; g
as deﬁned in Section 4.3.2. The exponent Ei in the MS factorisation scheme, according to
Eq. (4.103), is given by
Ei(N;Q
2; 2F ; 
2
R) =
Z 1
0
dz
zN 1   1
1  z
Z (1 z)2Q2
2F
dq2
q2
Ai(S (q
2)) ; (5.149)
where the function Ai(S ) can be written as a perturbative expansion in the strong coupling,
Ai(S ) = S=A
(0)
i + (S=)
2A
(1)
i + :::, see Eq. (4.99).
The exponent E(s)ij!kl;I of the soft radiative factor (s)ij!kl;I = exp (E
(s)
ij!kl;I) is given by
Eq. (4.113) and reads
E
(s)
ij!kl;I(N;Q
2; 2R) =
Z 1
0
dz
zN 1   1
1  z
S ((1  z)2Q2)

D
(1)
ij!kl;I : (5.150)
Only the exponent Ei of the radiative factor i depends on the factorisation scheme and
scale F whereas the soft exponent E
(s)
ij!kl;I is independent of both as discussed in Section 4.3.2.
At NLL accuracy the renormalisation scale enters when truncating the solution of the renor-
malisation group equation for S to a certain accuracy, see below. Since we are interested in
expressions for the radiative factors up to NLL accuracy we have to take the LL coeﬃcient A(1)i
and the NLL coeﬃcients A(2)i and D
(1)
ij!kl;I into account. The D
(1)
ij!kl;I -coeﬃcients can be cal-
culated from the one-loop soft anomalous dimension and can be found in Section 5.4.2 for all
squark and gluino pair production processes. The universal coeﬃcients A(1)i ; A
(2)
i depend only
on the ﬂavour i of the incoming parton and are given in Eq. (4.100). For the calculation of the
integrals we have to incorporate eﬀects resulting from the running of S which is described by
the QCD -function
@S
@ log(2R)
= (S ) =  
1X
n=0
n+2
S
bn : (5.151)
Including the ﬁrst two coeﬃcients b0; b1
b0 =
11CA   2nf
12
;
b1 =
17C2A   5CAnf   3CFnf
242
; (5.152)
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gives the NLO solution. Details about the solution of Eq. (5.151) up to NLO accuracy are given
in Section 5.7.2. For our purposes it is suﬃcient to use the following truncated solution of the
renormalisation group equation for S at NLO [51]
S (q
2) =
S (
2
R)
1 + b0S (
2
R) log

q2
2R

8<:1  b1b0
S (
2
R) log

1 + b0S (
2
R) log

q2
2R

1 + b0S (
2
R) log

q2
2R

9=; : (5.153)
Now, we have all the ingredients we need to perform the integration in Eqs. (5.149) and
(5.150) up to NLL accuracy. The Mellin moments are calculated in the large-N approximation
where we neglect terms of relative order 1=N . The correspondence of distributions in 1  z and
logarithms in N can be found in Eq. (4.12). Up to NLL accuracy the large-N approximation
can be included at the integrand level by using
zN 1   1!  

1  z   1N

(5.154)
The derivation of the above equation can be found in [108].
Taking this into account Eq. (5.149) leads to the following integral
E
(NLL)
i (N;Q
2; 2F ; 
2
R) =
Z 1
N
1
dy
y
Z y2
2
F
Q2
dw2
w2
(
S (w
2Q2)

A
(1)
i +

S (w
2Q2)

2
A
(2)
i
)
; (5.155)
which remains to be solved. Note that we will keep the renormalisation scale and factorisation
scale separated throughout the whole calculation. In the following we use the notation S =
S (
2
R) and denote the expression including the logarithm of the renormalisation scale as lR =
Sb0 log

Q2
2R

and similarly for the factorisation scale lF = Sb0 log

Q2
2F

. We start with solving
Eq. (5.155) considering only the term proportional to A(1)i :
E
(NLL)
i
 
N;Q2; 2F ; 
2
R
 j
A
(1)
i
=
Z 1
N
1
dy
y
Z y2
2
F
Q2
dw2
w2

S (w
2Q2)

A
(1)
i

=
Z 1
N
1
dy
y
Z 
S
b0 log (y2)
 lF
dx
A
(1)
i
b0

1
1 + x+ lR
  b1
b0
S log (1 + x+ lR)
(1 + x+ lR)2

 h(1)i + h(2);1i ; (5.156)
where we expand the full result in lR and lF , which are both of O(S ), to obtain the functions,
h
(1)
i and h
(2);1
i . The LL contribution h
(1)
i is given by
h
(1)
i =
A
(1)
i
2b20S

2+ (1  2) log (1  2) ; (5.157)
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with   Sb0 log ( N). The second term h(2);1i contributes to NLL accuracy and reads
h
(2);1
i =
A
(1)
i
2b0

2+ log (1  2) logQ2
2R

  2 log

Q2
2F

+
b1
b20

2+ log (1  2) + 1
2
log2 (1  2)

: (5.158)
The part of the integral in Eq. (5.155) which is proportional to A(2)i contributes to NLL accuracy.
In this case we can neglect scale-dependent terms by setting Q2 = 2F = 
2
R because they are
beyond our accuracy
E
(NLL)
i
 
N;Q2; 2F ; 
2
R
 j
A
(2)
i
=
Z 1
N
1
dy
y
Z y2
1
dw2
w2
(
2
S
(w2Q2)
2
A
(2)
i
)
=
Z 1
N
1
dy
y
Z 
S
b0 log (y2)
0
dx
A
(2)
i S
2b0

1
(1 + x)2

 h(2);2i ; (5.159)
with
h
(2);2
i =  
A
(2)
i
22b0

2+ log (1  2) : (5.160)
The complete NLL term is then given by h(2)i  h(2);1i + h(2);2i and together with the LL term we
get the solution of Eq. (5.149) for an incoming parton up to NLL accuracy
E
(NLL)
i
 
N;Q2; 2F ; 
2
R

= h
(1)
i (
) + h
(2)
i

;
Q2
2F
;
Q2
2R

: (5.161)
The next step is the calculation of the exponential from the soft function which enters at NLL
level. The calculation is similar to the previously discussed case and we get
E
(s);(NLL)
ij!kl;I (N) =
1
2b0
D
(1)
ij!kl;I log (1  2~): (5.162)
To compare the expressions in Eqs. (5.161) and (5.162) with existing results in the literature
it is necessary to point out that one ﬁnds two diﬀerent approaches how to treat the argument
of the logarithms, i.e. N or N , see below. For N as in Eqs. (5.161) and (5.162) our results
agree with those presented in [138, 139] in the context of joint resummation when taking the
appropriate limit leading to pure threshold resummation. Since log ( N) = log (N) + E one can
rewrite Eq. (5.161) in terms of  = Sb0 log (N) and neglect constant terms in E because we
are only interested in the logarithmic structure at large N . Taking this into account one gets
an additional term from our LL term which then formally contributes to NLL accuracy. When
resumming log(N)-terms the expression for the soft-collinear exponent E(NLL)i becomes
E
(NLL)
i
 
N;Q2; 2F ; 
2
R

= h
(1)
i () + h
(2)
i

;
Q2
2R
;
Q2
2F

; (5.163)
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with
h
(1)
i () = h
(1)
i (
) (5.164)
and
h
(2)
i

;
Q2
2R
;
Q2
2F

= h
(2)
i

;
Q2
2R
;
Q2
2F

  EA
(1)
i
b0
log (1  2): (5.165)
For the soft function we get
E
(s);(NLL)
ij!kl;I (N) =
1
2b0
D
(1)
ij!kl;I log (1  2) : (5.166)
The results for h(1)i and h
(2)
i agree with the expressions derived in [51]
4 and combined with
E
(s);(NLL)
ij!kl;I (N) they are consistent with those for heavy quark production given in [128] for
R = F . In the following we will use Eqs. (5.163) and (5.166) and resum logarithms of N
for the evaluation of numerical results. We expect that the diﬀerence between both approaches,
i.e. resumming logarithms in N or N , is small since it is formally a subleading eﬀect as argued
above.
We point out that the expressions for the exponentials are uniquely deﬁned up to the branch-
point at  = 1=2 and NL = exp (1=2b0S ) respectively which occur at very large values of N .
The branchpoint results from the integration of the running strong coupling down to the scale
 where the coupling diverges. The manifestation of the Landau poles in the exponentials is
important to keep in mind when carrying out the inverse Mellin transform of the resummed cross
section to obtain results in physical momentum space.
The LL result h(1)i can be obtained by taking into account only the expansion to the ﬁrst
order, i.e. A(1)i , and by neglecting the contribution from the D
(1)
ij!kl;I -coeﬃcients since they
contribute only to NLL accuracy. At this order the result does not depend on the colour structure
of the underlying hard scattering process, i.e. no colour mixing eﬀects have to be taken into
account. The colour dependence is reduced to that of the incoming partons which are diagonal
in colour tensor space. Therefore the exponentials at LL are universal for various production
processes. For processes where the initial-state particles annihilate into a colour singlet the
resummed radiative factors at NLL accuracy are given by i;j since 
(s)
ij!kl;I = 1. This implies
that we have only soft and collinear gluon radiation coming from the initial state. Such cases are
Drell-Yan production and Higgs production by gluon fusion. An illustrative calculation is the
direct derivation of the S log
2 (N)-terms. In this case one can neglect the running of S since
it is subleading. Also, the factorisation scale dependence can be neglected for the same reason.
This results in solving the integral
Ei(N;Q
2; 2R; 
2
F )jDL =
Z 1
N
1
dy
y
Z y2
1
d

S

A
(1)
i
=
S

A
(1)
i log
2 (N); (5.167)
4Note that [51] uses a diﬀerent deﬁnition for h(1)i in the exponentials extracting the log(N)-term.
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which leads to the leading logarithmic terms S log
2 (N) as expected. This result agrees with the
perturbative expansion in S of h
(1)
i and is known in the literature [128] as double-logarithmic
(DL) approximation.
5.6 Next-to-leading order expansion of the resummed cross section
The aim of this section is to derive the perturbative expansion of the partonic resummed cross
section up to NLO accuracy and to show that this result taken at threshold exactly reproduces
the threshold behaviour of the NLO result. This comparison provides a powerful check of our
results for the resummed cross section. A comparison between the full NLO cross section and
the resummed cross section truncated up to NLO at the hadronic level will be presented in
Section 5.8. There we will show the numerical impact of the threshold region in the hadronic
cross section.
The expansion of the resummed cross section in Eq. (4.118) up to NLO accuracy in S can
be written as
~^
(res)
ij!kljNLO =
X
I
n
1 +

EijNLO + Ej jNLO + E(s)ij!kl;I jNLO
o
~^
(0)
ij!kl;I ; (5.168)
where the expanded exponentials are given by
EijNLO = S

A
(1)
i

log2 (N) +

2E + log

2F
Q2

log (N)

; (5.169)
and
E
(s)
ij!kl;I jNLO =
S

D
(1)
ij!kl;I log (N): (5.170)
The explicit logarithmic dependence on the renormalisation scale vanishes for EijNLO. This gen-
eral expression can easily be applied to the considered processes to obtain the NLO expansion of
the resummed cross section which is needed for the matching procedure described in Eq. (5.122).
For later convenience we introduce the weight ~ij!kl;I = ~^
(0)
ij!kl;I=~^
(0)
ij!kl through which the
colour-dependent part contributes. Then Eq. (5.168) becomes
~^
(res)
ij!kljNLO = ~^(0)ij!kl
(
1 +
 
EijNLO + Ej jNLO +
X
I
~ij!kl;IE
(s)
ij!kl;I jNLO
!)
: (5.171)
In general the weight ~ij!kl;I is a rather complicated function that not only depends on colour
factors but also on the masses m~q;m~g and on the Mellin variable N . The dependence on the
latter will vanish in the threshold limit N ! 1, see below. Before deriving results for the
threshold behaviour of the resummed cross section truncated up to NLO accuracy we present
results for the colour-decomposed LO cross sections in the threshold limit. For completeness we
give expressions in x- and N -space. The limit  ! 0 corresponds to the limit N !1.
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Squark–Antisquark:
^
(0)
qq;1j!0 = 2S
(N2
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2N4
C
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m4+
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2S3=2
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m4+
1
N3=2
(5.172)
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For squark-antisquark production from quark-antiquark annihilation the threshold behaviour is
given by the t-channel diagram via gluino exchange. The quantity m+ is deﬁned in Eq. (5.8).
The s-channel diagram is suppressed since it behaves like 3 or N 5=2. Therefore the threshold
limit does not depend on whether the squark and antisquark are of equal or unequal ﬂavour.
Gluino–Gluino:
^
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(5.173)
For the gluon-gluon initial state we have only listed the nonzero contributions for ~^(0)gg;I . For the
qq initial state the threshold behaviour of the total cross section is given by the antisymmetric
colour octet state. This contribution vanishes for the case of squarks and gluinos having equal
masses m~q = m~g and thus the total cross section becomes zero in the threshold limit.
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Squark–Squark:
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If the produced squarks have the same ﬂavour the contribution of the 3 representation vanishes
and the threshold behaviour of the total cross section is given by ^(0)qiqj ;6.
Squark–Gluino:
^
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!0 = 2S
(N2
C
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2
N2
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The threshold limit of the colour-decomposed LO cross section has a more complicated form
compared to the previously discussed cases. This reﬂects the more involved kinematical structure
in the case of producing particles with unequal masses.
We proceed with the analytical checks of the NLO expansions of the resummed cross sections
with the full NLO results in the threshold limit. We concentrate on the comparison of the
logarithmic enhanced terms. Therefore we have to include the threshold limit N ! 1 of the
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LO cross sections ~^(0)ij!kl;I in Eq. (5.171)
~^(res)jNLO;N!1 = ~^(0)ij!kljN!1
(
1 +
 
EijNLO + Ej jNLO +
X
I
~ij!kl;I jN!1E(s)ij!kl;I jNLO
!)
:
(5.176)
The colour-dependent weights ~ij!kl;I jN!1 simplify signiﬁcantly as they are now taken at
threshold. The results for each individual process are presented in Eqs. (5.178) – (5.181) to-
gether with the results for ~^(res)ij!kljNLO;N!1 which will be expressed in terms of scaling functions.
We use the notation in terms of scaling functions in order to simplify the comparison with the
full NLO result of [33] which can be written as
^
(NLO)
ij!kl =
2
S
m2

fBij!kl + 4S

fV+Sij!kl + f
H
ij!kl + fij!kl log

2
m2

; (5.177)
where we set Q2 = 4m2 with m as the average mass of the produced particles and 2F = 
2. In
this way the cross section is divided into diﬀerent parts whereas fBij!kl denotes the Born part,
fV+Sij!kl the sum of virtual and soft-gluon corrections in the way deﬁned in [33], f
H
ij!kl the hard-
gluon corrections and fij!kl the scale-dependent contributions. A detailed study of the scaling
functions for NLO SUSY-QCD results for all squark and gluino pair production processes can
be found in [33]. Moreover, one ﬁnds analytical expressions for the scaling functions in the
threshold limit in Ref. [33]. In the energy region near the production threshold two sources
of large corrections can be identiﬁed and attributed to the scaling functions as follows. The
function fV+Sij!kl contains the Coulomb corrections between the slowly moving particles in the
ﬁnal state. They correspond to a correction factor of the form  S=. When multiplied
with the leading-order scaling functions fBij!kl one obtains constants at threshold. Since we
do not include Coulomb corrections in the resummation formula, see Section 4.3, we are not
able to reproduce them with our approach. Secondly, the function fHij!kl and fij!kl include
the threshold logarithms  logi(2) with i = 1; 2 which are resummed to all orders in the
resummation formula.
A powerful check is therefore provided by comparing the NLO scaling functions fHij!kl and
fij!kl in the threshold limit given in [33] converted to Mellin space with the NLO expansion of the
resummed results for each process. We concentrate on the comparison between the logarithmic
terms in N , i.e. O(S log2N);O(S logN)-terms. The Mellin moments of the scaling functions
are implicitly deﬁned via the Mellin moments of the cross sections, cf. Eq. (5.45). The integrals
used for the calculation of the Mellin moments are listed in Appendix B. The comparison of
O(S log2N)-terms are thereby a trivial check because they depend only on the colour factors
of the incoming particles. The subleading O(S logN)-terms provide a nontrivial check of soft
gluon radiation since colour mixing eﬀects have to be taken into account. In the following
we give expressions in general SU(NC ) for the scaling functions in N -space for each process.
Additionally, we list the weights ij!kl;I jN!1 through which each colour channel I contributes,
cf. Eq. (5.176). To simplify the notation we express the threshold limit N ! 1 by the index
thr in the following.
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Squark–Antisquark:
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N2
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  1
N2
C
; thrqq;8 =
1
N2
C
(5.178)
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CA log(N)
In squark-antisquark production the weights thrqq=gg;I depend only on colour factors. For the
quark-antiquark initial state in SU(3) the dominant part comes from the singlet colour channel
which does not contribute to single logarithms in N since its total colour charge is zero. Therefore
we do not expect large corrections near the threshold limit resulting from ﬁnal-state radiation
which enters at O(S logN). For the gluon initial channel the main contribution to S log (N)-
terms can be attributed to the octet state.
Gluino–Gluino:
thrqq;1 = 0; 
thr
qq;8A = 1; 
thr
qq;8S = 0
fB;thrqq (N) =
N2
C
  1
16NC
m4 
m4+
3=2
N3=2
fH;thrqq (N) =
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42

2CF log
2(N) + f4CF (E   log(2)) + CAg log(N)

f thrqq (N) =
fB;thrqq
22
CF log(N)
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22
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For gluino-pair production via quark-antiquark annihilation the complete production proceeds
via the antisymmetric octet state which vanishes if squarks and gluinos are mass degenerate.
Among the considered processes the subprocess gg ! ~g~g is the one where the largest colour
charges are involved. In the threshold limit half of the cross section is produced in the 27
representation leading to large contributions to the single logarithmic terms in N .
Squark–Squark:
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For squark-squark production the weights thrqq;I depend not only on colour factors but also on the
ﬂavours i; j. For the production via equal ﬂavour quarks i = j the coeﬃcient of the log (N)-term
is larger than for diﬀerent ﬂavours in the case of SU(3). This is due to the fact that in the ﬁrst
case only the colour sextet state is represented which has a larger colour charge than the triplet
state.
Squark–Gluino:
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For squark-gluino production the weight thrqg;I gets an additional dependence on the mass of the
produced particles m~q;m~g. In the SU(3) case the higher colour representations become more
important with increasing gluino mass thus leading to rising NLL eﬀects.
The expressions for the threshold limit of the scaling functions fB;thrij!kl; f
H;thr
ij!kl and f
thr
ij!kl in
Eqs. (5.178) – (5.181) agree with those of the full NLO calculation converted to N -space for the
case of NC = 3 [33]. That shows that the resummed formulas exactly reproduce the logarithmic
enhanced terms at threshold from the full NLO calculation. 5 From Eqs. (5.176) – (5.177) we can
in turn express the coeﬃcients of the logarithmic terms in  in terms of the coeﬃcients A(1)i ; A
(1)
j
and D(1)ij!kl;I . The hard scaling function can be written as
fH;thrij!kl =
fB;thrij!kl
42
h
(A
(1)
i +A
(1)
j ) log
2 (82) (5.182)
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(1)
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X
i
thrij!kl;I D
(1)
ij!kl;I
!
log (82)
#
;
and the scale-dependent scaling function reads
fij!kl =  
fB;thrij!kl
42
h
(A
(1)
i +A
(1)
j ) log (8
2)
i
: (5.183)
The constant H depends on the threshold behaviour of the Born scaling function fBij!kl. If
fHij!kl is proportional to  it is given by H1 =  4 and for 3 we get H3 =  16=3. The
latter is needed for stop-antistop production which is content of Chapter 6. The expressions for
each of the discussed processes can easily be obtained from these equations. Writing the scaling
functions in this way allows us to distinguish between contributions coming from gluon radiation
oﬀ the initial- and ﬁnal-state particles. The log2()-terms and the scale-dependent contribution
result solely from initial-state radiation as expected. The single logarithmic term in fHij!kl gets
contributions from both ﬁnal- and initial-state radiation.
5Note that a diﬀerent deﬁnition of  is used in [33] for squark-gluino production, i.e. (NLO) = =. The
scaling functions in [33] can be expressed in terms of  by replacing (NLO) =  m~q+m~g
2
p
m~qm~g
since  does not contain
any singularity in the threshold limit s ! 4m2. Moreover we have multiplied the results of [33] by a factor of 2
since the results given therein only take one chirality into account [140].
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5.7 Numerical implementation
5.7.1 Numerical implementation of the resummed cross section
In this section we discuss the numerical implementation of the inverse Mellin transform. So far we
have derived formulas for resummed expressions in N -space. In order to calculate predictions in
the physical momentum space we need to perform the inverse Mellin transform which is deﬁned
by

(res)
h1h2!kl(
2;

m2
	
; 2R; 
2
F ) =
1
2i
Z
CN
dN  N ~(res)h1h2!kl(N;

m2
	
; 2R; 
2
F ) ; (5.184)
where CN is a contour in the complex N -plane. The resummed hadronic cross section ~
(res)
h1h2!kl
is given in Eq. (4.117). In the following we give results for total cross sections (res)h1h2!kl. How-
ever, the results for diﬀerential cross sections can easily be obtained by replacing (res)h1h2!kl with
d
(res)
h1h2!kl=dpT and by taking into account the diﬀerent threshold variables, i.e. z ! x^2T and
 ! x2T . To ﬁnally perform the integration of Eq. (5.184) is a nontrivial task. To understand
the arising diﬃculties we need to discuss the singularity structure of the integrand. The pole
structure can be divided into two regions. The ﬁrst one is located in the left part of the complex
N -plane. These poles result from the pole structure of the leading-order cross section ~^(0)ij!kl;I
and the parton density functions ~fi=h1 . In general the functional form of the parton distribu-
tion functions at the initial scale F;0 is given by xf(x; 2F;0) =
P
lAlx
l(1   x)l and becomes
singular for small x for l < 0. The parameters Al; l and l are obtained from a ﬁtting proce-
dure to hard scattering data, see Section 5.7.2 for further details. Translated to N -space we get
~f(N;2F;0) =
P
lAl(N + l   1; 1+ l), where (a; b) is the Euler beta function, from which we
can read oﬀ the corresponding singular behaviour in N -space. Therefore we can identify that
the rightmost singularity of both ~^(0)ij!kl;I and ~fi=h1 results from the pole structure of the parton
densities. This ﬁrst region can be avoided by choosing a contour which lies to the right of these
singularities as for example described in [124]. The second region causes more severe problems
since it is the one in the right N -plane where the Landau singularity arises. The Landau pole
manifests itself as a singularity in the resummed exponents, Eqs. (5.161) – (5.166). This form of
the exponent is obtained as a result of the integration in Eq. (5.155) and has a branchpoint at
 = 1=2, i.e. for NL  e1=2S b0 . One possibility to deal with this problem in resummed formulas
is called “Minimal Prescription” developed in [124]. The prescription states that the contour has
to be chosen in the following way

(res)
h1h2!kl(
2;

m2
	
; 2R; 
2
F ) =
1
2i
Z CMP+i1
CMP i1
dN  N ~(res)h1h2!kl(N;

m2
	
; 2R; 
2
F ) ; (5.185)
with
Cf < CMP < NL = exp
1
2Sb0
; (5.186)
and with Cf chosen such that it lies to the right of the rightmost singularity of the parton
densities. Here we brieﬂy summarise the important characteristics of this method which are
proven in detail in [124]. The perturbative expansion of Eq. (5.185) is an asymptotic series which
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does not include factorially growing terms. This would not be the case, i.e. the factorially growing
terms would be present, for a contour which lies to the right of the Landau pole. Additionally,
the ambiguity resulting from the asymptotic behaviour of the series expansion is suppressed by
e HQ(1 )=, where  is the QCD scale parameter and H is a slowly varying positive function
which is stronger than any power suppression. If 1  is of the order of =Q then one encounters
power-like ambiguities but at this scale we reach the non-perturbative region which cannot be
correctly described by the resummation formula anyway since it is of perturbative origin.
Having found a method to perform the inverse transform we describe its numerical imple-
mentation in the following. The integration contour of Eq. (5.185) is shown in Fig. 5.5 and
denoted by C0. It is desirable to deform it to the alternative contour C1 also shown in Fig. 5.5,
see e.g. Ref. [141]. This can be done since no singularities of the integrand ~(res)h1h2!kl are en-
closed by C0  C1. The contour C1 is split into an upper(+) and lower( ) branch which can be
parametrised by
N = CMP + ye
i; (5.187)
with 0  y <1 for the upper and 1 > y  0 for the lower branch and the abscissa CMP. The
angle  is chosen in the range  > =2, which corresponds to the bend contour C1, to make
the integral converging faster. The integrand ~(res)h1h2!kl(N) obeys ~
(res)
h1h2!kl(N) = ~
(res)
h1h2!kl(N
),
NL
C1 C0
Cf CMP
Im(N)
Re(N)
φ
Figure 5.5: Contour for the inverse Mellin transform in the complex N -plane
where  denotes the complex conjugation. Due to this property we can rewrite Eq. (5.185) as an
integration over the real variable y [141]

(res)
h1h2!kl(
2;

m2
	
; 2R; 
2
F ) =
1

Z 1
0
dy Im [ei  CMP ye
i
(5.188)
 ~(res)h1h2!kl(N = CMP + yei;

m2
	
; 2R; 
2
F ) ] ;
which is used for the numerical implementation of the inverse Mellin transform.
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So far we have calculated analytical expressions for partonic cross sections and have not
discussed how to obtain parton densities in Mellin space which are needed to compute hadronic
cross sections. PDFs in N -space are not provided by the common sets from MSTW [142] and
CTEQ [143, 144] which are given as grids and interpolation codes in momentum space. We
have diﬀerent opportunities to obtain PDFs in N -space. One possibility is to apply a ﬁtting
procedure to the PDFs in x-space by using a simple functional form which is suitable to take
Mellin moments analytically, cf. [53]. This procedure has to be carried out for each scale choice
F separately due to the fact that the evolution according to the DGLAP-equations of the PDFs
is still a part of the PDF sets in x-space. Another option is based on performing the evolution
of the PDFs directly in N -space. Computer programs which provide solutions of the evolution
equations in N -space are QCD-Pegasus [145] and partonevolution [146]. Further details on the
numerical implementation will be given in Section 5.7.2.
However, from the point of view of practicability it might be advantageous to rewrite
Eq. (5.184) as a convolution of x-space PDFs and the inverse Mellin transform of the resummed
cross section. Such methods were proposed in [124, 138] in the context of the Drell-Yan process.
In the following we describe these methods and their application to heavy (s)particle production.
We start by rewriting Eq. (5.184) as an inverse transform (indicated by bar) with respect to the
Mellin variable N

(res)
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
m2
	
; 2R; 
2
F ) =
X
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z

z
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 ^(res)ij!kl(z;
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; 2R; 
2
F ) ; (5.189)
where fi;h1(x; F ); fj;h2
  
xz ; F

are identical to x-space parton densities. The resummed cross
section ^(res)ij!kl(z;

m2
	
; 2R; 
2
F ) is an inverse transform of the Mellin moments
^
(res)
ij!kl(z;

m2
	
; 2R; 
2
F ) =
1
2i
Z
CMP
dN z N ~^(res)ij!kl(N;

m2
	
; 2R; 
2
F ) ; (5.190)
with resummation carried out in N -space. Comparing Eq. (5.189) to the x-space convolution for-
mula in Eq. (4.75) one observes a diﬀerence in the integration limits of the variable z. In Eq. (4.75)
we integrate from z =  up to z = 1 whereas in Eq. (5.189) from z =  up to z =1. The change
in the limit is caused by the fact that the resummed cross section ^(res)ij!kl(z;

m2
	
; 2R; 
2
F ) does
not vanish for z > 1 in the Minimal Prescription due to the presence of the Landau singularity.
However, it was shown in [124] that the cross section decreases rapidly in this region by an amount
greater than =Q, which makes it consistent with the QCD-factorisation theorem. Eq. (5.189)
provides us with an expression where the convolution with the parton densities is done in x-
space. Problems occur when implementing this formula numerically even though the integral in
Eq. (5.189) is convergent. The reason is that in the region z ! 1 the resummed cross section
is highly singular, even though regularised in terms of plus distributions, see Refs. [124, 138] for
further details. This leads to oscillations of the integrand resulting from large cancellations and
due to this the numerical integration by using a Monte-Carlo integration routine can be very
intricate. One possibility to improve the numerical stability in this region is proposed in [124] by
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introducing a fake luminosity which leads to a strong suppression near z = 1 in the integrand.
We have adopted the method described in [138] which introduces a suppression factor in ~^(res)ij!kl.
Applied to the case of heavy (s)particle production the suppression factor is given by 1=N2 and
with the use of Eq. (4.118), see Section 4.3.3, Eq. (5.185) becomes
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: (5.191)
For the inverse Mellin transform we obtain
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: (5.192)
The function S(res)ij!kl is deﬁned as the Mellin-inverse of ~^(res)ij!kl
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: (5.193)
It has a signiﬁcantly improved numerical behaviour in the critical region near z = 1 due to the
suppression factor 1=N2. The function Fi=h1(x; 2F ) is the inverse of N ~fi=h1(N + 1; 2F )
Fi=h1(x; 2F ) =
1
2i
Z
CMP
dN x N N ~fi=h1(N + 1; 
2
F ) ; (5.194)
but it can be rewritten in terms of x-space parton distributions by using integration by parts
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=
Z 1
0
dxxN 1

  d
dx
x fi=h1(x; 
2
F )

; (5.195)
where we made use of the fact that the parton densities vanish at x = 1. Eq. (5.195) allows us
to express Fi=h1(x; 2F ) as the derivative of the parton density in x-space
Fi=h1(x; 2F ) =  
d
dx
xfi=h1(x; 
2
F ): (5.196)
The derivatives of the parton densities can be calculated numerically for the common PDF
sets [144, 142]. The numerical stability of Eq. (5.192) strongly depends on the large-N behaviour
of ~^(res)ij!kl. If large colour factors are involved in the process as e.g. for gluon-gluon initial states
the numerical stability is deteriorated since large oscillations occur near z = 1 for large N . They
can make the numerical calculations time-consuming and sometimes even impracticable. In such
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cases higher powers of N as suppression factors can be introduced in ~^(res)ij!kl. This leads to the
appearance of higher derivatives of the parton densities as described in [138]. Another method
is to use N -space PDFs. For the evaluation of the considered processes in this thesis we found a
signiﬁcantly improved numerical stability when using N -space PDFs. The improvement is most
pronounced for processes with gluon-gluon initial states as expected.
5.7.2 Parton density functions in Mellin space
In this section we describe how to obtain N -space PDFs when using N -space evolution programs.
Here we mainly focus on the QCD-Pegasus-package. This package provides an eﬃcient evolution
of unpolarised (up to NNLO) and polarised (up to NLO) parton distributions deﬁned in the MS
scheme. The user has access to PDFs in N -space and x-space since the program includes the
transform back to x-space. We start with a brief overview of the basic formalism used for the
evolution of parton density functions mainly following Refs. [145, 147].
The scale dependence of the parton densities fi(x; 2F ) are described by the evolution equa-
tions
@
@ log(2F )
fi(x; 
2
F ) = Pij(x; 
2
F ; 
2
R)
 fj(x; 2F ) ; (5.197)
with i = qk; qk; g and k = 1; :::; nf . The factorisation-scheme-dependent splitting functions
Pij(x; 
2
F ; 
2
R) are calculable within perturbation theory. They can be found in [148, 149] up to
NNLO for the unpolarised case which we are interested in. In Eq. (5.197) we implicitly sum over
the parton species j. The symbol 
 indicates the convolution. It becomes a simple product of
Mellin moments, taken with respect to the variable x, in Mellin space. Therefore Eq. (5.197) is
formally a system of 2nf + 1 coupled integro-diﬀerential equations. The perturbative expansion
in S of the splitting functions for the case R = F at N
mLO reads
P N
mLO
ij (x; 
2
F ; 
2
R)jR=F =
mX
l=0
al+1s (
2
F )P
(l)
ij (x) ; (5.198)
with as  S=4. In this case the splitting function only depends on the momentum fraction x
and the dependence on F enters via as. A Taylor-expansion of as(2F ) in terms of as(
2
R) leads
to the general case R 6= F
P N
mLO
ij (x; 
2
F ; 
2
R) =
mX
l=0
al+1s (
2
R)P
(l)
ij

x;
2F
2R

; (5.199)
with
P(0)

x;
2F
2R

= P (0)(x) ;
P(1)

x;
2F
2R

= P (1)(x)  0P (0)(x) log

2F
2R

; (5.200)
up to NLO accuracy. The quantities l are the coeﬃcients of the QCD -function which describes
the scale dependence of the strong coupling, cf. Eq. (5.151). The coeﬃcients l with l = 0; 1 are
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given in Eq. (5.151) by substituting l = bl=(4) which accounts for the diﬀerent normalisation
of the strong coupling. The dependence on the scales R and F in Eq. (5.199) occurs through
log(2F =
2
R). For a constant ratio   2R=2F the splitting functions P (l)ij
 
x; 2F =
2
R

are reduced
to functions of x. In this case one can choose as  as(2R = 2F ) as the independent variable
in Eq. (5.197) instead of 2F . Before rewriting Eq. (5.197) in this manner we discuss the ﬂavour
decomposition of this equation. Using charge conjugation and ﬂavour symmetries Eq. (5.197)
can be written as
@
@ log(2F )
q = P
 q ;
@
@ log(2F )
qns = P

ns 
 qns ;
@
@ log(2F )
qvns = P
v
ns 
 qvns ; (5.201)
with
q =
0B@ qs
g
1CA and P =
0B@ Pqq Pqg
Pgq Pgg
1CA : (5.202)
The ﬂavour-singlet quark distribution is deﬁned as
qs =
nfX
k=1
(qk + qk) (5.203)
and couples maximally to the gluon distribution g whereas the non-singlet combinations decouple
from the gluon density. The non-singlet combinations can be further decomposed into the ﬂavour
asymmetries deﬁned as
qns;ik = qi  qi   (qk  qk) (5.204)
and the total valence distribution
qvns =
nfX
k=1
(qk   qk) : (5.205)
Each of these non-singlet combinations evolves independently. Expressions for the splitting
functions entering Eq. (5.201) and further details can be found in [145]. In the following we
discuss the solution of the evolution equation in N -space. Taking Mellin moments with respect
to the variable x the convolution in Eq. (5.197) reduces to a simple product
@
@ log(2F )
~fi(N;
2
F ) = Pij(N;
2
F ; 
2
R)
~fj(N;
2
F ) (5.206)
and Eq. (5.197) is simpliﬁed to a system of ordinary diﬀerential equations. As explained above
one can choose as as the independent variable instead of 2F , provided the ratio 
2
F =
2
R is constant.
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This leads to
d ~fi(N; as)
d as
=  
1X
l=0
al 1s R
(l)
ij (N)
~fj(N; as) ; (5.207)
where a power expansion in as for the r.h.s. is used. The coeﬃcients R
(l)
ij (N) are deﬁned recur-
sively in terms of the splitting functions
R
(0)
ij (N) =
1
0
P
(0)
ij (N) ; R
(k1)
ij =
1
0
P
(k)
ij (N) 
kX
l=1
l
0
R
(k l)
ij (N) ; (5.208)
where only terms with l  m at NmLO are kept. That means that terms beyond ams are removed.
Details and other possible treatments of Eq. (5.207) can be found in Ref. [145]. The solution of
Eq. (5.207) can be written in a closed form only at LO. Beyond LO the solution can be expressed
as an expansion around the LO result
~fi(N;
2
F ) =

1 +
1X
k=1
aks Uk(N)

as
a0
 R(0)ij (N) 
1 +
1X
k=1
ak0 Uk(N)
 1
~fi(N;
2
F;0) ; (5.209)
where 2F;0 denotes the initial factorisation scale. The initial conditions are given by
a0  as(2R = 2F;0) and ~fi(N;2F;0). The solution in Eq. (5.209) implicitly takes the ﬂavour
decomposition into singlet and non-singlet combinations into account leading to further sim-
pliﬁcations as explained above. In that sense Eq. (5.209) holds for q and qns; qvns with the
appropriate evolution matrices Uk. The construction of the latter from the R
(l)
ij (N)‘s can be
found in Ref. [145]. For details on the implementation of Eq. (5.209) in the evolution program
QCD-Pegasus the reader is referred to Ref. [145]. After the evolution is carried out, the sin-
glet and non-singlet combinations are translated back to the individual parton distributions. In
the discussed method, which uses as as the independent variable in the evolution equation, the
treatment of as is an important issue. Eq. (5.207) is equivalent to Eq. (5.197) only if as solves
Eq. (5.151) exactly. The solution of Eq. (5.151) for as cannot be written as a closed expression
beyond NLO. The exact solution up to NLO accuracy reads
1
as(2R)
=
1
as(20)
+ 0 log

2R
20

  b1 log

as(
2
R) [1 + b1as(
2
0)]
as(20) [1 + b1as(
2
R)]

; (5.210)
where 0 is a reference scale and as(0) the corresponding value for the strong coupling. Only
at LO we have an explicit expression. At NLO it is already an implicit one, which has to
be solved numerically. Within the QCD-Pegasus Eq. (5.210) with b1  0=1 = 0 is used for
LO and higher-order solutions of Eq. (5.151) are obtained numerically by using a fourth order
Runge-Kutta integration [150]. Another common practise is to solve Eq. (5.151) in terms of
a power expansion in 1=L with L = log (2R=
2), see e.g. [145, 146], which does not solve
Eq. (5.151) exactly. Using this approach for the determination of as would result in a diﬀerence
between Eq. (5.197) and Eq. (5.207). Although it is a higher-order eﬀect, it can be numerically
important, cf. Ref. [145]. However, the treatment of as within QCD-Pegasus allows for a direct
comparison with x-space evolution programs which use an iterative solution of Eq. (5.197). As
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already mentioned in the beginning QCD-Pegasus includes the inverse Mellin transform of the
form, see also Eq. (5.188),
fi(x; 
2
F ) =
1

Z 1
0
dz Im
h
eix c z exp(i) ~fi(N=c+zei; 2F )
i
(5.211)
using a ﬁxed chain of Gauss-quadratures in the numerical implementation.
One of the key ingredients to solve the evolution equations are the initial conditions. They are
given at a reference input scale F;0 and are determined from a global analysis of hard scattering
data [142, 144]. If the evolution is carried out in Mellin space the corresponding moments of
the initial conditions are needed. In order to facilitate the computation in a numerical program
the functional form in x-space should be such that it leads to a rather simple calculable form
in N -space. A parametrisation which is often used for the initial conditions in x-space has the
following form
xfi(x; 
2
F;0) =
X
l
Al x
l (1  x)l : (5.212)
The Mellin moments of Eq. (5.212) can be expressed in terms of the Euler beta function
~fi(N;
2
F;0) =
X
l
Al  (N + l   1; 1 + l) : (5.213)
The parameters Al; l; l are determined through a ﬁtting procedure to hard scattering data.
The parametrisation given in Eq. (5.212) is well suited for an eﬃcient numerical calculation due
to its simple functional form in N -space. Publicly available programs are therefore based on this
form, cf. Refs. [145, 146]. However, some parametrisations for the initial distributions have a
more involved functional form as in Eq. (5.212), e.g. for CTEQ6 PDFs [143],
xfi(x; 
2
F;0) = Ni x
ai(1  x)bi edix (1 +Ai x)ci ; (5.214)
which does not lead to a simple functional form in N -space. Again, ai; bi; ci; di; Ai are ﬁtted pa-
rameters and Ni is a normalisation factor. For this type of PDFs the common N -space evolution
programs are not suitable [145, 146]. Apart from this general restrictions the current version of
the program QCD-Pegasus sets further restrictions. The two available input forms are the two
six-parameter standard forms
xfi(x; 
2
F;0) = Ni pi;1 x
pi;2(1  x)pi;3  1 + pi;5 xpi;4 + pi;6 x  ; (5.215)
and
xfi(x; 
2
F;0) = Ni pi;1 x
pi;2(1  x)pi;3  1 + pi;4 x0:5 + pi;5 x+ pi;6 x1:5  ; (5.216)
which are special cases of Eq. (5.212). The ﬁtted parameters pi;k and the normalisation factor
Ni can easily be expressed in terms of Al; l; l. Each input form is used for quark and antiquark
combinations uv = u   u, uv = u   u, L+ = 2(u + d), L+ = 2(u + d), s = s  s and for
the gluon g. The solution of the evolution equations based on the input parametrisation in the
program packages [146, 145] is carried out in Mellin space which enables the user to have access
to evolved N -space PDFs. These packages also include the transform back to x-space.
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In the following we describe the necessary modiﬁcations which had to be implemented in
order to use the program QCD-Pegasus for deriving the corresponding N -space PDFs for the
MSTW2008 PDFs. We focus on the implementation of the MSTW2008NLO PDF package since
the calculation of the hadronic NLL-resummed cross section is evaluated using NLO PDFs.
PDFs at the NLL level are currently not available. We start with the speciﬁc input parameters
for MSTW2008NLO PDFs which are deﬁned at the input scale 2F;0 = 1GeV
2. The coupling
constant S is ﬁtted to the value [142]
S (
2
F;0) = 0:49128: (5.217)
The deﬁnition of S follows Ref. [145], where S is given at a certain input scale 
2
F;0 and not
in terms of , as e.g. in CTEQ-ﬁts [144]. The evolution routine for S of Ref. [142] is adopted
from QCD-Pegasus which of course simpliﬁes the treatment of the running coupling S within
QCD-Pegasus in the following. The functional form of the input parametrisation reads [142]
xuv(x; 
2
F;0) = Au x
1(1  x)2(1 + u
p
x+ u x); (5.218)
xdv(x; 
2
F;0) = Ad x
3(1  x)4(1 + d
p
x+ d x);
xS(x; 2F;0) = AS x
S (1  x)S (1 + S
p
x+ S x);
x(x; 2F;0) = A x
(1  x)S+2(1 +  x+  x2);
xg(x; 2F;0) = Ag x
g(1  x)g(1 + g
p
x+ g x) +Ag0 x
g0 (1  x)g0 ;
x(s+ s)(x; 2F;0) = A+ x
S (1  x)+(1 + S
p
x+ S x);
x(s  s)(x; 2F;0) = A  x (1  x) (1  x=x0) ;
with   d  u, qv  q   q and the light quark sea contribution is deﬁned as [142]
S  2(u+ d) + s+ s: (5.219)
The parameters Ai; i; i; i are determined through a ﬁtting procedure to hard scattering data.
The corresponding values of the parameters up to NNLO accuracy can be found in Ref. [142].
The second term in the gluon distribution in Eq. (5.218) is not present for the LO PDF ﬁt but
it is nonzero for NLO and NNLO in the MSTW2008 ﬁts. This additional term is only relevant
at small x where it accounts for possible negative values for the gluon density at higher orders.
We start the evolution at 2F;0 = 1GeV
2 with three active ﬂavours nf = 3. For the evolution
of the coupling S and the PDFs to higher scales we need to know the threshold parameters
which are taken to be the mass of the heavy quarks where additional ﬂavours become active.
The transition from nf ! nf +1 including the necessary matching conditions are included in the
variable ﬂavour-number scheme (VFNS) of the program QCD-Pegasus for both S and the parton
densities. In the MSTW2008 setup the top quark is not included as content of the partons in
the evolution and therefore the number of active ﬂavours is restricted to a maximum of nf = 5.
The threshold values for charm and bottom quarks are ﬁxed within this setup and given by [142]
mc = 1:40GeV and mb = 4:75GeV: (5.220)
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The form of the parametrisation of the initial distributions in Eq. (5.218) requires an extension
of the program QCD-Pegasus to handle this type of input parametrisation because it does not
ﬁt into one of the two six-parameter standard forms, see Eqs. (5.215) and (5.216). Since the
required modiﬁcations result in implementing additional terms which can be expressed in terms
of Euler beta functions in N -space it does not cause any serious problems, see discussion above.
To handle the input parametrisation in Eq. (5.218) we added the following input form
xfi(x; 
2
F;0) = pi;1 x
pi;2(1  x)pi;3  1 + pi;5 xpi;4 + pi;6 x  + pi;7 xpi;8(1  x)pi;9 (5.221)
which is used for uv; dv; S;; s and g. The program QCD-Pegasus is organised as follows. The
user has to input the speciﬁc parameters pi;k into the program. For MSTW2008NLO PDFs they
can be obtained from Eq. (5.218). The translation to N -space expressions and to quantities
which enter the evolution equations are automatised. To use the new input format within the
program QCD-Pegasus the corresponding routines have to be modiﬁed accordingly. The default
option of QCD-Pegasus is to use the parton-model sum rules for quark number and momentum
conversation to calculate certain parameters which are not free and therefore not ﬁtted. These
constraints are already taken into account by the MSTW analysis. The MSTW PDF package
provides a parametrisation in which all 34 parameters are quantiﬁed. For simplicity we have
chosen an input format which exactly corresponds to the MSTW PDF parametrisation. To
check the correctness of the corresponding N -space expressions of Eq. (5.221) we compared the
initial distributions after the Mellin inversion back to x-space with those obtained directly from
Eq. (5.218). Note that we use a version of QCD-Pegasus which includes a new implementation
of the Euler beta function 6.
In the following we discuss numerical checks of the PDFs including the evolution to
higher scales obtained with QCD-Pegasus, Hoppet and the MSTW2008NLO grid. The program
Hoppet [150] is an evolution program for PDFs where the solution of the DGLAP-equations is car-
ried out numerically in x-space by discretisation in x and 2F and using the Runge-Kutta method
for the evolution. The calculation in QCD-Pegasus and Hoppet is based on the MSTW2008NLO
input parametrisation. We start with the comparison of QCD-Pegasus and Hoppet. In Fig. 5.6a
the ratio of the parton distributions f(x;Q2) for Pegasus and Hoppet for F = 1 TeV is shown.
The choice for the scale F is a typical value which we use in our numerical studies for the con-
sidered processes. Shown is the large x-region for x = 0:5 0:9 for the valence quarks uv; dv, the
gluon g and u, illustrating the typical behaviour of the sea quarks. The agreement between both
results is better than 0.1 % for the gluon and all quark species. Only for the bottom quark at
x = 0:9 where the xf(x; 2F )-values are extremely small ( 10 10) the deviation becomes a little
larger. In Fig. 5.6b we present the comparison of Pegasus with the standard MTSW2008NLO
PDFs [142]. For the gluon and the sea quarks the diﬀerence between Pegasus or Hoppet and
MSTW is huge for large values of x. The MSTW collaboration have provided us with parton
distribution functions with an improvement in the evolution at large x achieved by a change in
the evolution of the gluon distribution [151]. With the improved MSTW* PDF set we have found
6The old implementation of the routine for the Euler beta function used a ﬁrst-argument inﬂection which did
not work properly for almost all (but not the benchmark) inputs, causing signiﬁcant errors at very large x. For
further details see [145].
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an agreement with Hoppet and Pegasus better than 6 % for the valence quarks, uv; dv and now
also for the gluon. Since the evolution of the sea quarks is coupled to the gluon the agreement
is also improved but larger than 6 %, see Fig. 5.6c. However, the sea quark distributions are
rather small anyway. The behaviour of the curve near x = 0:78 results from the region where the
distribution becomes very small and turn to negative values. Note that the probability interpre-
tation of the parton distributions is no longer valid at NLO, see Section 4.1. Furthermore in the
large x-region the PDF uncertainties are in general large. The improved PDF set MSTW2008*
includes LO, NLO and error sets. The numerical impact on cross section predictions for the
production of squarks and gluinos is studied in the next section.
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Figure 5.6: Comparison of parton distribution functions obtained with QCD-Pegasus, Hoppet,
MSTW2008NLO and MSTW*2008NLO. All are based on the MSTW2008NLO parametrisation
at the input scale F;0 = 1 GeV.
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5.8 Numerical results
In this section we present numerical results for the NLL-resummed cross sections matched
with the complete NLO results for squark and gluino pair production at both the Tevatron
(
p
S = 1:96 TeV) and the LHC (
p
S = 14 TeV). The matching is performed according to
Eq. (4.119). From now on we refer to the matched cross sections as NLO+NLL cross sections. We
also compare the NLO+NLL predictions with the corresponding NLO results. The NLO cross
sections are calculated using the publicly available Prospino code [92], based on the calculations
presented in Refs. [31, 32, 33]. As described in Section 5.7.2 the QCD coupling s and the parton
distribution functions at NLO are deﬁned in theMS scheme with ﬁve active ﬂavours. The masses
of squarks and gluinos are renormalised in the on-shell scheme, and the SUSY particles are de-
coupled from the running of s and the parton distribution functions, see Ref. [33] for details.
As already discussed in previous sections, no top squark ﬁnal states are considered. We sum over
squarks with both chiralities (~qL and ~qR), which are taken as mass degenerate, and include the
charge-conjugated processes in the numerical predictions. For convenience we deﬁne the average
mass of the sparticle pair m  (m3 +m4)=2, which reduces to the squark and gluino mass for
~q~q , ~q~q and ~g~g ﬁnal states, respectively. The renormalisation and factorisation scales  are taken
to be equal. The top mass is set to the value mt = 173:1 GeV. In order to evaluate hadronic
cross sections we use the improved PDF set MSTW*2008 NLO [151] with the corresponding
s(M
2
Z) = 0:120. We show the impact on the cross sections between the improved MSTW*2008
NLO parton distribution [151] and the default version MSTW2008 NLO [142]. If not stated
otherwise our default PDF set is the improved set MSTW*2008 NLO [151]. For the convolution
with PDFs we have used two diﬀerent approaches which are explained in Section 5.7.1. The
ﬁrst one uses PDFs in N -space which are obtained with the program Pegasus [145] and which
are based on the MSTW2008 NLO parametrisation at the initial scale, see Section 5.7.2. The
second method uses standard parametrisations in x-space. We found that the numerical stability
is much better when using N -space PDFs. The eﬀect is most pronounced for gluon initial states
as discussed in Section 5.7.1.
We ﬁrst discuss the scale dependence of the NLO+NLL matched cross section for the separate
processes pp ! ~q~q ; ~q~q ; ~q~g ; ~g~g +X at the Tevatron. Figure 5.7 shows the NLO and NLO+NLL
cross sections form~q = m~g = m = 500 GeV as a function of the renormalisation and factorisation
scale . The value of  is varied around the central scale 0 = m from  = 0=10 up to
 = 50. As anticipated, we observe a reduction of the scale dependence when going from
NLO to NLO+NLL, in particular for ~g~g and ~q~g production (Figs. 5.7b and 5.7d, respectively).
In the case of squark pair-production, on the other hand, the scale reduction due to soft-gluon
resummation is moderate (see Figs. 5.7a and 5.7c). We note that the gluino-pair production cross
section (Fig. 5.7b) is rather small for this particular choice of masses because of a suppression of
the LO qq ! ~g~g amplitude proportional to m2~g  m2~q near threshold, cf. Eq. (5.173).
At the central scale  = 0 = m the cross section predictions are in general enhanced by
soft-gluon resummation. The relative K-factor KNLL 1  NLO+NLL=NLO 1 at the Tevatron
is displayed in Fig. 5.8 for squark and gluino masses in the range between 200 GeV and 600 GeV.
We show results for various mass ratios r  m~g=m~q. The soft-gluon corrections are moderate
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for ~q~q production (Fig. 5.8a), but reach values up to 27 %, 29 % and 60 % for ~g~g , ~q~q and ~q~g
ﬁnal states, respectively, in the range of r we consider. Because of the increasing importance
of the threshold region, the corrections in general become larger for increasing sparticle masses.
The strong r-dependence of KNLL for gluino-pair production in Fig. 5.8b is driven by the r-
dependence of the NLO cross sections for qq ! ~g~g. The large eﬀect of soft-gluon resummation
for ~q~g and ~g~g production can be mostly attributed to the importance of gluon initial states for
these processes. The relative importance of the gluon initial state for gluino-pair production
and squark-antisquark production is shown in Appendix C. In contrast to squark-antisquark
production the gluon initial state is important for gluino-pair production especially for lower
masses, see Figs. C.1 and C.3. Furthermore, the presence of gluinos in the ﬁnal state results
in enhancement of the NLL contributions, since in this case the Casimir invariants that enter
the soft exponential (s)ij!kl reach higher values than for processes involving only squarks, see
Section 5.4.2. The substantial value of KNLL for ~q~q production at the Tevatron is a consequence
of the behaviour of the corresponding NLO corrections, which strongly decrease with increasing
squark mass [33].
We now turn to the discussion of pair production of squarks and gluinos at the LHC, i.e. pp!
~q~q ; ~q~q ; ~q~g ; ~g~g+X. The results for the processes pp! ~q~q and pp! ~g~g agree with those presented
in Refs. [36, 37], while the predictions for pp ! ~q~q and pp ! ~q~g are new. In Fig. 5.9 the cross
sections are shown for squark and gluino masses m~q = m~g = m = 1 TeV as a function of
the common renormalisation and factorisation scale . The scale uncertainty of the theoretical
prediction is reduced at NLO+NLL. Similarly to the Tevatron case, soft-gluon resummation is
most signiﬁcant for gluino-pair production and squark-gluino production. For those processes,
the relativeK-factorKNLL 1 reaches 35 % for gluino-pair production and 18 % for squark-gluino
production at the highest accessible sparticle masses around 3 TeV (see Figs. 5.10b and 5.10d).
The r-dependence of KNLL for gluino-pair production is again driven by the r-dependence of the
NLO cross section, discussed in Ref. [33].
Representative values for the NLO and NLO+NLL cross sections at the Tevatron and the
LHC are collected in Tables 5.1 and 5.2 for equal squark and gluino masses. For comparison we
also show results calculated with MSTW2008 NLO in Tables 5.3 and 5.4 that have also been
published in Ref. [58]. The impact of the diﬀerence between both PDF sets on the NLO and
NLO+NLL cross sections is below 1 % for all processes and mass values at the LHC. At the
Tevatron we are on average closer to the production threshold in the considered mass range
than at the LHC. Thus, especially for m = 600 GeV, we are probing PDFs at large values of
x where the deviations between both PDF sets are signiﬁcant. For ~g~g and ~q~g production the
NLO and NLO+NLL cross sections are decreased by 2 % and for ~q~q production by 10 % at
m = 600 GeV when evaluated with MSTW* PDFs instead of MSTW PDFs. At m = 500 GeV
the eﬀect for ~q~q production is only about 1 % but rapidly increases when going to m = 600 GeV.
The large diﬀerence can be understood from the fact that for squark-squark production the
quark sea is probed at large x where large deviations in the PDFs between both sets occur. In
contrast, squark-antisquark production through a quark-antiquark initial state is dominated by
valence quarks which remain unchanged between both PDF sets. Additionally, at large masses
the production cross sections for ~q~q and ~g~g is dominated by qq initial states, see Appendix C.
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Therefore the eﬀect on the gg initial states which is of the order of 8 % is suppressed. However,
at large values of x the errors on PDFs are in general large. For example the 68 % C.L. PDF error
estimate for the squark-squark production at m = 600 GeV is 37 %. The diﬀerence between the
two MSTW PDF sets becomes small for the KNLL-factors and is hardly visible in the presented
plots and thus the ﬁgures which have also been published in Ref. [58] are not signiﬁcantly eﬀected.
In Fig. 5.11 we present a comparison of the truncated NLL cross section up to NLO accuracy
with the full NLO result at the hadronic level. From the ratio NLLj(NLO)=NLO one can deter-
mine the contribution from soft-gluon corrections to the full NLO cross section result. We study
each subprocess separately. For the subprocesses qq ! ~q~q and qq ! ~g~g, for both the Tevatron
and the LHC, the ratio is more than 65 % in the considered mass range for r = 1. For all other
subprocesses the ratio is around 80 %.
The impact of the NLL resummation on the cross section for inclusive squark and gluino
production, i.e. pp=pp ! ~q~q + ~q~q + ~q~g + ~g~g + X, can be inferred from the inclusive K-factor
displayed in Fig. 5.12. The pattern exhibited in Fig. 5.12 can be understood from the relative
importance of the ~q~q ; ~q~q ; ~q~g and ~g~g ﬁnal states and from their individual K-factors as shown
in Figs. 5.8 and 5.10. The KNLL-factor for the inclusive cross sections is deﬁned as the ratio
of the total inclusive NLO+NLL cross section and the total inclusive NLO cross section. From
that it follows that the individual weights with which each single KNLL-factor contributes is
given by the relative contributions of the ﬁnal states at NLO. At m~q = m~g  400 GeV, for
example, the inclusive cross section at the Tevatron (Fig. 5.12a) is built up from the individual
ﬁnal states in the ratio ~q~q : ~g~g : ~q~g : ~q~q  1 : 3:3 : 12 : 34, as can be read oﬀ from Table 5.1.
Owing to the large NLL corrections for the ~q~g ﬁnal state, the resulting inclusive K-factor KNLL
is approximately 1.1. At m~q = m~g = 600 GeV the correction to the inclusive cross section at the
Tevatron due to NLL resummation can be as high as 18 %. The inclusive corrections are smaller
at the LHC for sparticle masses below 3 TeV (see Fig. 5.12b). Given the sparticle mass ranges
that we consider, this is consistent with the fact that the distance from threshold, i.e. the value
of the variable 1   = 1  4m2=S, is on average larger at the LHC than at the Tevatron.
In Figs. 5.13a and 5.13b we show for the Tevatron and LHC, respectively, the resummed
NLO+NLL total cross section for inclusive squark and gluino production as a function of the
average sparticle mass m. For illustration we show these results for the choice m~q = m~g. The
error bands indicate the theoretical uncertainty of the NLO+NLL total cross section due to the
scale variation in the range m=2    2m. The results presented in Fig. 5.13 are the most
accurate theoretical predictions currently available for the above processes. The reduction of
the theoretical error due to variation of the common factorisation and renormalisation scale 
between  = m=2 and  = 2m is illustrated in Fig. 5.14a for the Tevatron and in Fig. 5.14b for
the LHC. Both at the Tevatron and at the LHC, soft-gluon resummation leads to a signiﬁcant
reduction in this part of the theoretical uncertainty.
In Fig. 5.15 we show an estimate of the impact of NLL resummation on current exclu-
sion bounds from Tevatron. Therefore we consider the diﬀerent mSUGRA scenarios studied
in Ref. [10]. To generate the corresponding squark and gluino masses we have used the pro-
gram Suspect [152]. We compare NLO and NLO+NLL cross sections including PDF uncertain-
ties and uncertainties due to scale variation with the observed upper limit from Ref. [10]. The
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change of the cross section at the central scale 0 = m, where m is the average mass of the
produced ﬁnal-state sparticles, is small when comparing NLO with NLO+NLL. However, taking
NLL resummation into account leads to a signiﬁcantly reduced theoretical uncertainty due to
scale variation. The size of the reduction is most pronounced in scenarios where the production
of ﬁnal states with at least one gluino dominates, see Fig. 5.15. In such scenarios the lower mass
bound can be raised by up to  9 GeV.
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(a) (b)
(c) (d)
Figure 5.7: The scale dependence of the NLO+NLL and the NLO total cross sections for squark
and gluino pair production processes at the Tevatron. The squark and gluino masses have been
set to m~q = m~g = m = 500 GeV.
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Figure 5.8: The relative NLL K-factor KNLL   1 = NLO+NLL=NLO   1 for squark and gluino
pair production processes at the Tevatron as a function of the average sparticle mass m. Shown
are results for various mass ratios r = m~g=m~q.
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Figure 5.9: The scale dependence of the NLO+NLL and the NLO total cross sections for squark
and gluino pair production processes at the LHC. The squark and gluino masses have been set
to m~q = m~g = m = 1 TeV.
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Figure 5.10: The relative NLL K-factor KNLL   1 = NLO+NLL=NLO   1 for squark and gluino
pair production processes at the LHC as a function of the average sparticle mass m. Shown are
results for various mass ratios r = m~g=m~q.
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(a) (b)
Figure 5.11: The ratio of the NLL expanded cross section up to NLO accuracy and the full NLO
cross section at the Tevatron (a) and the LHC (b). Shown are results for hadronic cross sections
separated into diﬀerent subprocesses ij ! kl and for r = m~g=m~q = 1 and  = m.
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Figure 5.12: The relative NLL K-factor KNLL 1 = NLO+NLL=NLO 1 for the inclusive squark
and gluino pair production cross section, pp=pp ! ~q~q + ~q~q + ~q~g + ~g~g +X, at the Tevatron (a)
and the LHC (b) as a function of the average sparticle mass m. Shown are results for various
mass ratios r = m~g=m~q.
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(a) (b)
Figure 5.13: The NLO+NLL cross section for inclusive squark and gluino pair production,
pp=pp ! ~q~q + ~q~q + ~q~g + ~g~g + X, at the Tevatron (a) and the LHC (b) as a function of the
average sparticle mass m. Shown are results for the mass ratio r = m~g=m~q = 1. The error band
corresponds to a variation of the common renormalisation and factorisation scale in the range
m=2    2m.
(a) (b)
Figure 5.14: Scale dependence of the NLO+NLL and NLO cross sections for inclusive squark and
gluino pair production, pp=pp! ~q~q+ ~q~q+ ~q~g+ ~g~g+X, at the Tevatron (a) and the LHC (b) as
a function of the average sparticle mass m. Shown are results for the mass ratio r = m~g=m~q = 1.
The upper two curves correspond to the common renormalisation and factorisation scale set to
 = m=2, the lower two curves to  = 2m.
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pp! ~q~q at pS = 1:96TeV (r=1.0) MSTW*
m~q [GeV] 200 400 600
NLO [pb] 1:28 101 4:70 10 2 9:79 10 5
NLO+NLL [pb] 1:30 101 4:91 10 2 1:09 10 4
KNLL   1 0.015 0.046 0.12
pp! ~g~g at pS = 1:96TeV (r=1.0) MSTW*
m~g [GeV] 200 400 600
NLO [pb] 3.72 4:60 10 3 5:96 10 6
NLO+NLL [pb] 4.24 5:46 10 3 7:55 10 6
KNLL   1 0.14 0.19 0.27
pp! ~q~q at pS = 1:96TeV (r=1.0) MSTW*
m~q [GeV] 200 400 600
NLO [pb] 1.81 1:38 10 3 5:16 10 7
NLO+NLL [pb] 1.87 1:53 10 3 6:52 10 7
KNLL   1 0.033 0.11 0.26
pp! ~q~g at pS = 1:96TeV (r=1.0) MSTW*
m [GeV] 200 400 600
NLO [pb] 1:43 101 1:71 10 2 1:43 10 5
NLO+NLL [pb] 1:54 101 2:08 10 2 2:23 10 5
KNLL   1 0.075 0.22 0.55
Table 5.1: The NLO+NLL and NLO cross sections for the squark and gluino pair production
processes at the Tevatron using the improved MSTW* PDF set. Shown are results for the mass
ratio r = m~g=m~q = 1. The common renormalisation and factorisation scale has been set to m.
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pp! ~q~q at pS = 14TeV (r=1.0) MSTW*
m~q [GeV] 200 1000 3000
NLO [pb] 1:30 103 2:89 10 1 7:10 10 6
NLO+NLL [pb] 1:31 103 2:93 10 1 7:56 10 6
KNLL   1 0.010 0.017 0.064
pp! ~g~g at pS = 14TeV (r=1.0) MSTW*
m~g [GeV] 200 1000 3000
NLO [pb] 3:75 103 2:93 10 1 2:66 10 6
NLO+NLL [pb] 3:87 103 3:19 10 1 3:59 10 6
KNLL   1 0.033 0.089 0.35
pp! ~q~q at pS = 14TeV (r=1.0) MSTW*
m~q [GeV] 200 1000 3000
NLO [pb] 5:46 102 5:27 10 1 1:18 10 4
NLO+NLL [pb] 5:47 102 5:31 10 1 1:25 10 4
KNLL   1 0.003 0.008 0.056
pp! ~q~g at pS = 14TeV (r=1.0) MSTW*
m [GeV] 200 1000 3000
NLO [pb] 4:87 103 1:22 4:94 10 5
NLO+NLL [pb] 4:94 103 1:26 5:79 10 5
KNLL   1 0.013 0.037 0.17
Table 5.2: The NLO+NLL and NLO cross sections for the squark and gluino pair production
processes at the LHC using the improved MSTW* PDF set. Shown are results for the mass ratio
r = m~g=m~q = 1. The common renormalisation and factorisation scale has been set to m.
5.8 Numerical results 117
pp! ~q~q at pS = 1:96TeV (r=1.0) MSTW
m~q [GeV] 200 300 400 500 600
NLO [pb] 1:28 101 7:35 10 1 4:70 10 2 2:59 10 3 9:79 10 5
NLO+NLL [pb] 1:30 101 7:55 10 1 4:91 10 2 2:77 10 3 1:09 10 4
KNLL   1 0.016 0.026 0.045 0.071 0.11
pp! ~g~g at pS = 1:96TeV (r=1.0) MSTW
m~g [GeV] 200 300 400 500 600
NLO [pb] 3.72 1:07 10 1 4:61 10 3 1:96 10 4 6:01 10 6
NLO+NLL [pb] 4.24 1:24 10 1 5:47 10 3 2:38 10 4 7:62 10 6
KNLL   1 0.14 0.17 0.19 0.22 0.27
pp! ~q~q at pS = 1:96TeV (r=1.0) MSTW
m~q [GeV] 200 300 400 500 600
NLO [pb] 1.81 4:78 10 2 1:39 10 3 3:38 10 5 5:66 10 7
NLO+NLL [pb] 1.87 5:09 10 2 1:54 10 3 3:95 10 5 7:06 10 7
KNLL   1 0.033 0.064 0.11 0.17 0.25
pp! ~q~g at pS = 1:96TeV (r=1.0) MSTW
m [GeV] 200 300 400 500 600
NLO [pb] 1:43 101 4:44 10 1 1:71 10 2 5:98 10 4 1:46 10 5
NLO+NLL [pb] 1:54 101 5:03 10 1 2:09 10 2 8:05 10 4 2:27 10 5
KNLL   1 0.075 0.13 0.22 0.35 0.55
Table 5.3: The NLO+NLL and NLO cross sections for the squark and gluino pair production
processes at the Tevatron calculated with the standard MSTW PDFs. Shown are results for the
mass ratio r = m~g=m~q = 1. The common renormalisation and factorisation scale has been set
to m.
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pp! ~q~q at pS = 14TeV (r=1.0) MSTW
m~q [GeV] 200 500 1000 2000 3000
NLO [pb] 1:30 103 1:60 101 2:89 10 1 1:11 10 3 7:13 10 6
NLO+NLL [pb] 1:31 103 1:61 101 2:93 10 1 1:14 10 3 7:59 10 6
KNLL   1 0.010 0.012 0.017 0.034 0.064
pp! ~g~g at pS = 14TeV (r=1.0) MSTW
m~g [GeV] 200 500 1000 2000 3000
NLO [pb] 3:74 103 2:85 101 2:92 10 1 5:82 10 4 2:68 10 6
NLO+NLL [pb] 3:86 103 3:00 101 3:18 10 1 6:91 10 4 3:62 10 6
KNLL   1 0.033 0.054 0.089 0.19 0.35
pp! ~q~q at pS = 14TeV (r=1.0) MSTW
m~q [GeV] 200 500 1000 2000 3000
NLO [pb] 5:45 102 1:34 101 5:28 10 1 6:48 10 3 1:18 10 4
NLO+NLL [pb] 5:46 102 1:34 101 5:32 10 1 6:64 10 3 1:25 10 4
KNLL   1 0.003 0.004 0.008 0.024 0.056
pp! ~q~g at pS = 14TeV (r=1.0) MSTW
m [GeV] 200 500 1000 2000 3000
NLO [pb] 4:86 103 6:55 101 1:22 5:49 10 3 4:96 10 5
NLO+NLL [pb] 4:92 103 6:69 101 1:26 5:96 10 3 5:80 10 5
KNLL   1 0.013 0.021 0.037 0.085 0.17
Table 5.4: The NLO+NLL and NLO cross sections for the squark and gluino pair production
processes at the LHC calculated with the standard MSTW PDFs. Shown are results for the mass
ratio r = m~g=m~q = 1. The common renormalisation and factorisation scale has been set to m.
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(a)
(b)
(c)
Figure 5.15: The NLO and NLO+NLL total inclusive cross section for three diﬀerent mSUGRA
scenarios with A0 = 0; tan () = 3; sig() < 0, see Ref. [10]: (a) For m0 = 25 GeV where squark-
antisquark production is dominant. (b) For equal masses of squarks and gluinos m~q = m~g. (c)
For m0 = 500 GeV where gluino-pair production is dominant. The blue and the yellow band
correspond to PDF uncertainties PDF and uncertainties due to scale variation  (m=2 
  2m), added in quadrature. The PDF uncertainty is obtained using the 90 % C.L. MSTW
error PDF set [142]. The cross sections are compared with the observed upper limits on the cross
sections from D; [10].

6 Soft-gluon resummation for top and bottom
squark hadroproduction
In the previous chapter on threshold resummation for the hadroproduction of squarks and gluinos
we have excluded ﬁnal-state stops and treated all other squark ﬂavours as mass degenerate, ne-
glecting possible mixing eﬀects. Stop production is an important special case since the strong
Yukawa coupling between top quarks, stops and Higgs ﬁelds gives rise to potentially large mixing
eﬀects and mass splitting [7], see also Chapter 2. The same holds, albeit to a lesser extent, for
sbottoms. In this chapter we apply soft-gluon resummation up to next-to-leading-logarithmic
(NLL) accuracy to the production of stops and non-mass-degenerate sbottoms in hadronic colli-
sions. In the MSSM with R-parity conservation, stops are pair-produced at hadron colliders:
pp=pp ! ~t1~t1 +X and ~t2~t2 +X ; (6.1)
where ~t1 and ~t2 denote the lighter and heavier mass eigenstate, respectively. The hadroproduc-
tion of mixed ~t1~t2 or ~t2~t1 ﬁnal states is strongly suppressed since it can only proceed through
electroweak channels or QCD-induced loop diagrams [34, 153, 154]. Sbottom hadroproduction is
described in a completely analogous manner, so we will focus our discussion on stops. We will,
however, comment on potential diﬀerences between stop and sbottom hadroproduction.
This chapter is structured as follows. In Section 6.1 we review the basic features of stop and
sbottom hadroproduction as well as the application of threshold resummation to both the total
cross section and the transverse-momentum distribution. Section 6.1 also contains the speciﬁc
stop-pair formulas that enter the calculation of the resummed cross sections. State-of-the-art
SUSY-QCD predictions for stop hadroproduction at the Tevatron and the LHC, including NLO
corrections and NLL threshold resummation, are presented in Section 6.2. We discuss the impact
of the NLO+NLL corrections on total cross sections and transverse-momentum distributions
and provide an estimate of the theoretical uncertainty due to scale variation and the parton
distribution functions. Moreover, we discuss the dependence of the stop and sbottom cross
sections on the choice of supersymmetric parameters and give predictions for speciﬁc benchmark
scenarios.
6.1 Stop and sbottom pair production
Let us ﬁrst review some basic features of the stop and sbottom pair production cross sections.
At LO the hadroproduction of stop pairs proceeds through quark-antiquark annihilation and
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gluon-gluon fusion:
qq ! ~t1~t1 and ~t2~t2 ;
gg ! ~t1~t1 and ~t2~t2 : (6.2)
The corresponding Feynman diagrams are shown in Fig. 6.1. In contrast to the hadroproduction
of light-ﬂavour squarks, no t-channel gluino-exchange graph occurs in the quark-antiquark chan-
nel, cf. Fig.5.1. In such a t-channel graph the initial-state quarks should have the same ﬂavour
as the ﬁnal-state squarks, but since top quarks are excluded as initial-state partons, the gluino-
exchange graph is absent. The mass eigenstates ~t1 and ~t2 are related to the weak interaction
eigenstates ~tL and ~tR through mixing, see Eq. (2.5). Mixed pairs ~t1~t2 or ~t2~t1 cannot be produced
in lowest order QCD since the g~t~t and gg~t~t vertices are diagonal in the chiral and in the mass
basis. The production of mixed pairs can only proceed through electroweak channels or QCD-
induced loop diagrams [34, 153, 154]. The description of sbottom hadroproduction pp=pp! ~b1~b1
qq! ~t~t :
q
q¯
g
t˜
¯˜
t
gg! ~t~t :
Figure 6.1: Leading-order Feynman diagrams for the production of stop pairs through quark-
antiquark annihilation and gluon-gluon fusion.
and ~b2
~b2 is completely analogous to that of stop production. The only diﬀerences occur in the
bb ! ~b~b channel, where the initial-state bottom quarks do allow a t-channel gluino-exchange
graph that gives rise to extra contributions. As will be discussed below, these contributions lead
to a less-suppressed LO threshold behaviour than the s-channel gluon-exchange contributions.
However, we shall demonstrate in Section 6.2.3 that their numerical impact on the hadronic
cross sections is negligible. Thus, for all practical purposes, the LO and higher-order cross sec-
tion predictions obtained for stop-pair production apply also to sbottom-pair production if the
input parameters, i.e. masses and mixing angles, are modiﬁed accordingly. Since we need the LO
partonic cross sections decomposed into colour states for performing resummation the results
below are already given in this form. As described in detail in Section 5.2, we choose an or-
thogonal s-channel colour basis which can be adopted from the production of squark-antisquark.
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Its form is given in Eqs. (5.10) and (5.13). The basis is build from colour singlet 1 and octet
8 representations. As in Chapter 5 we use the notation speciﬁc to SU(3) only for denoting the
colour states but all analytic results in this chapter are derived for a general SU(NC )-theory in
order to make the colour structure more transparent. When decomposed into s-channel colour
states, the LO partonic cross sections for the subprocesses (6.2) read in generic notation:
^
(0)
qq!~t~t;1 = 0 ; (6.3)
^
(0)
qq!~t~t;8 =
2s(N
2
c   1)
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3 ; (6.4)
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
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1  
1 + 

; (6.6)
where the ﬁrst line in Eq. 6.6 belongs to the antisymmetric octet contribution and the second line
to the symmetric contribution. Here and in the following we combine both contributions. Also
note that we use a generic notation for the ﬁnal-state particles and the associated kinematics:
~t can be either of the two stop mass eigenstates, with m being the corresponding mass and
 =
p
1  4m2=s the corresponding velocity. The expressions (6.5) and (6.6) for the gluon-gluon
fusion cross section agree with the corresponding expressions for light-ﬂavour squark production,
Eqs. (5.36) and (5.38). Note that results in Eqs. (5.36) and (5.38) include an additional factor
2nf from the summation over the L and R squarks of nf light ﬂavours. The quark-antiquark
annihilation contribution (6.4) is diﬀerent to the corresponding contribution for light-ﬂavour
squark production. This is due to the absence of the t-channel gluino-exchange graph, see
Fig. 5.1, giving a contribution proportional to . As a consequence, the LO cross section for
qq ! ~t~t proceeds through s-channel gluon exchange only and is proportional to 3, as opposed to
 for other squark ﬂavours. This 3 behaviour is the combined eﬀect of the standard phase space
suppression factor  and an additional P -wave suppression / 2 near threshold: the pair of scalar
particles needs to be produced in a P -wave state to balance the spin of the intermediate gluon.
The total cross section obtained from Eqs. (6.3) – (6.6) agrees with those of Ref. [34] for NC = 3.
Note that the LO cross sections (6.3) – (6.6) only depend on the massm of the produced stops and
not on any other supersymmetric parameters. At NLO, however, the stop mixing angle ~t enters
through corrections involving the t~t~g vertex and the four-squark couplings. As a result, already
the analytical expressions for the ~t1~t1 and ~t2~t2 NLO cross sections are diﬀerent. Furthermore,
virtual corrections involving squark and gluino loops introduce a dependence of the stop-pair
cross section on the masses of the squarks and the gluino. We refer to Ref. [34] for further
details. The dependence on all these other supersymmetric parameters turns out to be mild,
as illustrated in the Section 6.2.3. In the threshold region the NLO stop-pair cross section is
dominated by soft gluon emission, which leads to corrections / logi  (i = 1; 2), and Coulomb
corrections / 1= . Note, ﬁnally, that the threshold behaviour of the cross section is determined
124 Soft-gluon resummation for top and bottom squark hadroproduction
by QCD dynamics and does not involve any supersymmetric parameters other than the mass of
the produced stops. Analytical results for the threshold behaviour of the NLO cross section can
be found in [34] and Eqs. (6.13) and (6.14).
6.1.1 Threshold resummation for the total inclusive cross section
In this section we shall improve the NLO prediction for the hadroproduction of stop and sbottom
pairs [34] by resumming the leading and next-to-leading threshold logarithms of the form
ns log
m2 ; m  2n ; (6.7)
to all orders, and to NLL accuracy. The resummation is performed in the space of Mellin
moments following the procedure outlined in Chapter 4 and applied to the hadroproduction of
light-ﬂavour squarks and gluinos at NLL accuracy in Chapter 5. From the viewpoint of threshold
resummation there is a notable diﬀerence between the case of stops and light-ﬂavour squarks,
arising from the extra 2 suppression of the quark-antiquark annihilation cross section ^
qq!~t~t
near threshold. In N -space this eﬀectively produces an extra factor 1=N compared to the light-
ﬂavour squark case, resulting in leading contributions / logi(N)=N instead of logi(N). For the
seemingly analogous case of threshold resummation for the deep-inelastic structure function FL,
which has a leading behaviour of the type logi(N)=N as well, diﬀerences from the expected NLL
resummation structure were revealed in Refs. [155] and [156]. However, the NLL resummation
procedure developed for light-ﬂavour squarks applies to stop production as well. In the case of
FL the extra factor 1=N with respect to the N dependence of the structure function F2 arises
due to a special initial-state jet function [157, 158] associated with the longitudinal projection.
In contrast, in our case the logi(N)=N dependence arises from projecting onto the P -wave ﬁnal-
state, which does not depend on the initial-state jet function. Moreover, at O(s) leading and
subleading log(N)=N corrections can be computed from the one-loop calculations, and they do
exhibit the pattern expected from NLL threshold resummation as will be shown explicitly in the
following. Finally, in view of the diﬀerent threshold behaviour of the qq and gg channels one
might worry about the possibility that these channels mix in the NLL threshold resummation
as a result of soft-quark emissions, which is not the case for top quark and light-ﬂavour squark
production. However, we have checked that to NLL accuracy no such mixing occurs at O(3).
Based on these observations we are conﬁdent that the expressions given in Section 4.3 can be
applied to inclusive stop-pair production as well.
The new elements that enter the NLL-resummed cross section for stop-pair production are
the LO partonic cross sections in N -space, decomposed into s-channel singlet and octet colour
states. They are calculated from Eqs.(6.3) – (6.6) and read:
~^
(0)
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The results for the gg initial state in Eqs. (6.10) and (6.11) agree with those presented in
Eq. (5.50) for light-ﬂavour squarks. Note that the results include an additional factor 2nf
from the summation over the L and R squarks of nf light ﬂavours. The expressions for the
NLL-resummed cross sections can be obtained from Eq. (4.118). Explicit expressions for the ex-
ponentials i; j and 
(s)
ij!kl at NLL accuracy can be found in Section 5.5. The D-coeﬃcients
appearing in the expressions for (s)ij!kl can be found in Eqs. (5.110) and (5.111). They are
obtained from the soft anomalous dimensions given in Eqs. (5.93) and (5.94) which are identical
for stop production and light-ﬂavour squark production. The NLL-resummed cross section only
depends on the mass of the produced stops and not on any other SUSY parameter.
In the following we discuss the threshold limit of the NLL-resummed cross section expanded
in S up to NLO accuracy. We use the notation introduced in Section 5.6 and give the scaling
functions in N -space together with the weights thrij!kl;I for each colour channel I:
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The above expressions can easily be translated into scaling functions in terms of  using
Eqs. (5.182) and (5.183). Comparing those expressions for NC = 3 with those given in Ref. [34]
for SU(3) for the scaling functions of the full NLO result near threshold we found a mismatch
in the log(82)-coeﬃcient in the hard scaling function fH;thrqq for the qq-channel. This mismatch
was caused by a misprint in Eq. (9) of [34] where the coeﬃcient  107=(362) should be replaced
by  155=(362). For completeness we give here the corrected threshold behaviour in general
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SU(NC ) for the full NLO result which is reported in [59]
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The results are written in a similar way to the expression of the scaling functions given in
Eqs. (5.182) and (5.183) which allows to distinguish between corrections resulting from initial-
and ﬁnal-state radiation. The ﬁrst line in both expressions contains the gluon corrections that can
be attributed to the ﬁnal-state particles, while the terms in the second line correspond to initial-
state radiation from a quark or a gluon line, respectively. The ﬁnal-state radiation consists of two
parts: the logarithmic soft-emission terms / log(82) and the Coulomb corrections / 1=. We
found that the expansion of the NLL-resummed result up to NLO accuracy exactly reproduces
the threshold logarithms of the full NLO result given in Eqs. (6.13) and (6.14) even for the case
qq ! ~t~t where we have an extra suppression factor 1=N as discussed previously.
6.1.2 Threshold resummation for the transverse-momentum distribution
Similar to the inclusive cross section, soft-gluon corrections can also dominate the transverse-
momentum distribution of the stops if the production takes place suﬃciently close to the edge of
phase space. The general construction of threshold-resummed transverse-momentum distribu-
tions considering the hadroproduction of a pair of massive coloured particles has been discussed
in Section 4.3. In this section we concentrate on its application to stop-pair production. We start
with the deﬁnition of the kinematic variables used. The minimal energy necessary to produce
the ﬁnal-state stops is 2mT , where the transverse mass mT is deﬁned by mT =
q
m2 + p2T ,
cf. Eq. (4.120) and pT corresponds to the transverse momentum of one of the ﬁnal-state parti-
cles. The partonic threshold variable is deﬁned as x^2T = 4m
2
T =s and the hadronic equivalent as
x2T = 4m
2
T =S, see Section 4.3.5. For the pT -distribution the dominant contributions originating
from soft gluon emission have again the structure (6.7), with the variable  replaced by T as
deﬁned in Eq. (4.121), and the threshold limit is given by T ! 0. They can be taken into
account to all orders in perturbation theory by means of threshold resummation as discussed in
Section 4.3.5. The corresponding formula for the resummed partonic pT -distribution is given in
Eq. (4.123). In the following we give expressions for the process-dependent ingredients entering
Eq. (4.123).
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We start with the calculation of the colour-decomposed leading-order pT -distributions. They
can be calculated from Eq.(5.25) by using the relation p2T = t1u1=s m2 leading to
d^
(0)
I
dpT
=
1
16s2
pT
T
MII(x^
2
T ) ; (6.15)
whereMIJ is deﬁned in Eq. (5.24). Note that we have included a factor of two so that integrating
over pT gives the total cross section. The expressions for the stop-pair production processes read
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Taking a Mellin transform of (6.16) – (6.19) with respect to the threshold variable x^2T one ﬁnds
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We now turn to the soft radiative factors. Explicit expressions up to NLL accuracy for the
exponentials i = exp (Ei) describing soft-collinear gluon emission are given in Eq. (5.163)
with Q2 = 4m2T . The function 
(s)
ij!kl;I = exp (E
(s)
ij!kl;I) accounts for soft wide-angle emission
and depends on the production process and the colour channel. It can be expressed in terms
of D-coeﬃcients, see Eq. (4.113), and can be found in Eq. (5.166) up to NLL accuracy. The
values of the coeﬃcients Dij!kl;I follow from the threshold limit T ! 0 of the one-loop soft
anomalous dimension matrix in the way described in Eq. (4.95) and get a dependence on pT . If
an s-channel colour basis is used, the soft anomalous dimension matrix for the pT -distribution
becomes diagonal in colour space in the threshold limit leading to the colour-diagonal form of
the resummation formula given in Eq. (4.123). This is similar to threshold resummation for
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the total cross section, where the soft anomalous dimension matrix becomes diagonal in colour
space in the corresponding threshold limit  ! 0. The soft anomalous dimensions for stop-pair
production are identical to those for light-ﬂavour squark production given in Eqs. (5.93) and
(5.94). The D-coeﬃcients which now depend on pT are given by
D
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q
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These expressions agree with those obtained for heavy quark production in the context of joint
resummation [57]. From the expressions above the resummed partonic pT -distribution and its
hadronic equivalent, see Section 4.3.5, can be constructed. To obtain results in physical momen-
tum space the inverse Mellin transform has to be performed, see Eq. (4.124). The numerical
implementation of the Eq. (4.124) is similar to the case for the total inclusive cross sections and
explained in detail in Section 5.7.
6.2 Numerical results
We present numerical results for the NLL-resummed cross sections and transverse-momentum
distributions matched with the complete NLO results for stop-pair production at the Tevatron
(
p
S = 1:96 TeV) and the LHC (
p
S = 7 TeV and 14 TeV). The matching procedures for the total
cross section and for the transverse-momentum distribution are described in Eqs. (4.119) and
(4.125), respectively. We use the notation NLO+NLL for matched quantities in the following.
The NLO corrections are calculated using Prospino [92], based on the calculation presented in
Ref. [34]. The QCD coupling s and the parton distribution functions (PDFs) at NLO are deﬁned
in the MS scheme with ﬁve active ﬂavours. The mass of the stop is renormalised in the on-shell
scheme and the SUSY particles are decoupled from the running of s and the PDFs. Since mixing
enters explicitly only through higher-order diagrams, the angle ~t need not be renormalised and
one can use the lowest-order expression derived from the stop mass matrix.
As our default, hadronic total cross sections and transverse-momentum distributions are
obtained with the improved MSTW*2008 PDFs [151], see Section 5.7.2, and the corresponding
s(MZ) = 0:120. In the following we use the notation MSTW2008 PDFs, without *, for the
improved PDF set to follow the notation used in Ref. [59]. The NLL corrections are convo-
luted with PDFs in Mellin space, derived with the program Pegasus [145] based on the MSTW
parametrisation at the initial factorisation scale, see Section 5.7.2. For the total hadronic cross
sections, we have also used the method of Ref. [138], which is described in Section 5.7, to evaluate
the NLL cross section with standard parametrisations of PDFs in x-space. We ﬁnd however a
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much better numerical stability when the total NLL cross sections are evaluated with Mellin
space PDFs.
Beyond LO the cross section does not only depend on the stop mass, but also on the gluino
mass m~g, the average mass of the ﬁrst and second generation squarks m~q and the mixing angle
~t. For this reason we have adopted the SPS1a’ benchmark scenario [159] for our numerical
analysis. Taking a top-quark mass of mt = 172:5 GeV [160] and s(MZ) = 0:120 the SPS1a’
scenario corresponds to m~g = 610 GeV, m~q = 560 GeV, sin(2~t) = 0:932 and stop masses of
m~t1 = 367 GeV and m~t2 = 590 GeV [161]. However, in order to focus on the mass dependence
of the cross section and the NLO+NLL corrections, we vary the mass of the stop while keeping
the other SUSY parameters ﬁxed. As shown in Ref. [34] and discussed in more detail in Section
6.2.3, the dependence of the cross section on the additional SUSY parameters is small, justifying
this procedure. Note that the numerical results presented for stop production also apply to
sbottom production when the same input parameters are adopted. In Section 6.2.3 we show that
the impact of bottom-quark induced contributions to sbottom hadroproduction is negligible and
present benchmark predictions for the sbottom cross section.
6.2.1 Results for the total cross section
Let us ﬁrst discuss the scale dependence of the SUSY-QCD total cross section prediction. Fig. 6.2
shows the scale dependence in LO, NLO and NLO+NLL for ~t1~t1 production, usingm~t1 = 200GeV
and 500 GeV at the Tevatron and LHC, respectively. Here and in the following, we present re-
sults for the LHC operating at 7 TeV and at 14 TeV centre-of-mass energy. Note that the LO
predictions are obtained with LO PDFs and the corresponding LO values for s [151]. The renor-
malisation and factorisation scales are identiﬁed and varied around the central scale 0 = m~t1
from  = 0=10 up to  = 50. We observe the usual strong reduction of the scale dependence
when going from LO to NLO. A further signiﬁcant improvement is obtained when the resumma-
tion of threshold logarithms is included, in particular for stop production at the Tevatron and
at the LHC running at 7 TeV.
Near the central scale  = m~t1 the cross section is enhanced by the SUSY-QCD
corrections at NLO and NLO+NLL. The size of the K-factors KNLO  NLO=LO and
KNLL  NLO+NLL=NLO strongly depends on the stop mass and the collider, as is shown in
Fig. 6.3. At the Tevatron, where the cross section is dominated by qq-annihilation for large stop
masses, see Fig. C.9, the NLO K-factor is moderate and ranges from roughly 1.2 to 1.03 for
stop masses in the range between 100 and 300 GeV. A further enhancement by up to 7 % is
found for large stop masses when the NLL resummation is included. At the LHC, the gg initial
state is dominant, see Fig. C.9, and the QCD corrections are in general larger. For ~t1~t1 and
~t2
~t2 production at the LHC we consider the mass ranges 100 GeV  m~t1  550 GeV (lower
horizontal axis) and 550 GeV  m~t2  1 TeV (upper horizontal axis). At 7 TeV we ﬁnd NLO
corrections ranging from about 40 % at the lower end of the stop mass range to about 20 % for
stop masses near 1 TeV. The NLL resummation leads to a further increase of the cross section
prediction of approximately 10 % for stop masses in the TeV-range. At 14 TeV centre-of-mass
energy the NLO corrections to stop production are signiﬁcant and increase the LO cross section
by around 35 % for moderate ~t1 masses and by up to 40 % for ~t2 with m~t2  600 GeV, while
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the impact of the NLL resummation is modest with at most 5 % further increase for stop masses
in the TeV-range. The singularities at the stop-decay threshold m~t = mt + m~g = 782:5 GeV
originate from the stop wave-function renormalisation. They are an unphysical artefact of the
on-shell approach of Ref. [34] and could be removed by taking into account the ﬁnite widths
of the unstable stops. Note that the NLO cross sections for ~t1~t1 and ~t2~t2 production are not
identical, even if the masses are taken equal. The reason for this is that the stop mixing angle
contributes in diﬀerent ways to both reactions at NLO, as discussed in Section 6.1. Furthermore,
while we vary the mass of the stop particle that appears in the ﬁnal state, the mass of the other
stop, which enters the loop corrections, is set to its SPS1a’ value and thus diﬀers for ~t1 and ~t2.
However, numerically the diﬀerence between the two NLO total cross sections is moderate. The
NLL resummation does not involve any SUSY parameters apart from the stop mass itself and
thus aﬀects the ~t1~t1 and ~t2~t2 cross sections in the same way. The NLL K-factors have a tiny
SUSY-parameter dependence, which enters through the ratio NLO+NLL=NLO.
Predictions for the LO, NLO, and NLO+NLL total cross sections are shown in Fig. 6.4 and
Tables 6.1 – 6.3 for ~t1~t1 production at the Tevatron and ~t1~t1/~t2~t2 production at the LHC with
7 TeV and 14 TeV centre-of-mass energy. In fact, the cross sections for ~t1~t1 and ~t2~t2 production
at equal masses are indistinguishable on the scale of Fig. 6.4. We thus refrain from showing
additional plots for ~t2~t2 production. The results shown in Fig. 6.4 represent the state-of-the-
art SUSY-QCD predictions at NLO+NLL accuracy. The error bands include the NLO+NLL
scale variation in the range m~t1=2    2m~t1 as well as the NLO PDF uncertainty, added
in quadrature. The PDF uncertainty is obtained with the help of the 90 % C.L. MSTW error
PDFs [151]. More detailed information is available in Tables 6.1–6.3.
In Table 6.1 we present results for ~t1~t1 production at the Tevatron. As discussed before,
we observe an increase of the cross section prediction near the central scale when going from
LO to NLO and a further enhancement when NLL threshold resummation is included. The
scale dependence in the range m~t1=2    2m~t1 is reduced from about 50 % at LO to
about 10 % at NLO+NLL. The estimated PDF uncertainty is approximately 5 %. We also
present cross section predictions obtained with the CTEQ6 PDF set [144] and an estimate of the
corresponding PDF error. The diﬀerence between the MSTW and CTEQ results is particularly
pronounced at large stop masses, m~t1  300 GeV, where the cross sections obtained with CTEQ
PDFs are about 7 % larger than the ones obtained with MSTW PDFs. We observe that the
CTEQ PDF error estimate of about 10 % is roughly twice as large as that of MSTW.
Results for ~t1~t1 and ~t2~t2 production at the LHC with 7 TeV are collected in Table 6.2. Here
the impact of the SUSY-QCD corrections at NLO is large, with the NLL resummation adding
a further enhancement of up to 10 %. The scale uncertainty of the NLO+NLL prediction is
reduced to a level of about 10 %. Unfortunately the PDF error is sizeable, in particular at stop
masses in the TeV-region, where we ﬁnd a PDF error of about 20 % from MSTW. Also the
diﬀerence between MSTW and CTEQ is signiﬁcant for large stop masses, with a 25 % increase
in the prediction for stop masses near 1 TeV when going from MSTW to CTEQ PDFs. As before,
we ﬁnd a PDF error from the CTEQ analysis that is about twice as large as that of MSTW and
reaches 45 % for m~t  1 TeV. Of course, the large PDF uncertainty is not a speciﬁc feature of
stop production. It rather generically aﬀects predictions for TeV-scale particle production at the
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LHC with 7 TeV centre-of-mass energy, since these predictions are particularly sensitive to the
gluon PDF at large x (see e.g. Ref. [162]). The conclusion therefore is that more accurate PDF
determinations are needed in order to allow for a precise prediction of heavy particle production
during the initial phase of the LHC at 7 TeV centre-of-mass energy.
Going from 7 TeV to 14 TeV at the LHC, we observe in Table 6.3 a signiﬁcant increase in
the predicted cross section of about a factor of 4 for stop masses around 100 GeV and up to a
factor of about 60 for masses in the TeV-region and MSTW PDFs. Just like at 7 TeV, the scale
uncertainty of the NLO+NLL prediction is down to a level of about 10 %. The PDF uncertainty
is more moderate than at 7 TeV, ranging from 3 % at small masses to about 10 % at large stop
masses for MSTW, and correspondingly from 3 % to 20 % for CTEQ.
The numerical impact of the contributions of threshold logarithms due to soft gluon emission
to the full NLO cross section at the hadronic level is presented in Fig. 6.5. We compare the
truncated NLL cross section up to NLO accuracy with the full NLO result. Shown are results
for the ratio NLLj(NLO)=NLO at the Tevatron and the LHC at 7 TeV and 14 TeV. For each
subprocess qq ! ~t1~t1 and gg ! ~t1~t1 the ratio is above 70 %. The peak at 782:5 GeV is due to an
on-shell singularity in the stop self-energy contribution as discussed previously. The singularity
structure is not completely visible due to the ﬁnite number of data points used for the evaluation.
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Figure 6.2: Scale dependence of the LO, NLO and NLO+NLL cross section for stop-antistop
production at the Tevatron and the LHC.
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Figure 6.3: The NLO and NLL K-factors for stop-antistop production at the Tevatron and the
LHC as a function of the stop mass. The scale has been set to the stop mass, i.e.  = m~tk .
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Figure 6.4: Total NLO+NLL stop-pair cross section at the Tevatron and the LHC as a function
of the stop mass. The error band corresponds to the scale and PDF uncertainty of the prediction,
added in quadrature.
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Figure 6.5: The ratio of the NLL expanded cross section up to NLO accuracy and the full NLO
cross section at the Tevatron and the LHC. Shown are results for total hadronic cross sections
separated into the subprocesses qq ! ~t1~t1 and gg ! ~t1~t1. Renormalisation and factorisation
scale are taken equal and set to  = m~t1 .
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pp! ~t1 ~t1 at
p
S = 1:96TeV
MSTW2008 CTEQ6.6M
m ~t1 [GeV] 100 200 300 100 200 300
( )LO [pb] 12:6+6:4 3:9 0:227+0:112 0:068 (1:12+0:57 0:35) 10 2 10:3+4:3 2:9 0:210+0:091 0:059 (1:20+0:51 0:33) 10 2
( )NLO [pb] 15:3+2:0 2:4 0:242+0:022 0:034 (1:15+0:12 0:17) 10 2 14:7+1:8 2:2 0:249+0:022 0:034 (1:23+0:13 0:18) 10 2
( )NLO+NLL [pb] 15:9+1:6 1:8 0:253+0:014 0:025 (1:24+0:07 0:13) 10 2 15:1+1:4 1:6 0:260+0:014 0:025 (1:31+0:08 0:14) 10 2
pdfNLO [%] 6:6 5:3 5:3 11 11 11
KNLO 1.22 1.07 1.03 1.43 1.19 1.10
KNLL 1.03 1.05 1.07 1.03 1.04 1.07
Table 6.1: The LO, NLO and NLO+NLL cross sections for stop-antistop production at the
Tevatron (
p
S=1.96 TeV), including errors due to scale variation () in the range m~t1=2 
  2m~t1 . Results are shown for two PDF parametrisations (MSTW08 and CTEQ6) with the
corresponding 90 % C.L. PDF error estimates.
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pp! ~t1 ~t1 at
p
S = 7TeV
MSTW2008 CTEQ6.6M
m ~t1 [GeV] 100 400 100 400
( )LO [pb] 305+114 77 0:156+0:070 0:044 265+95 65 0:119+0:048 0:032
( )NLO [pb] 416+64 59 0:209+0:027 0:031 384+57 52 0:202+0:025 0:028
( )NLO+NLL [pb] 423+60 46 0:218+0:020 0:020 390+53 41 0:209+0:018 0:019
pdfNLO [%] 3:9 10 3:4 17
KNLO 1.37 1.34 1.45 1.70
KNLL 1.02 1.04 1.02 1.04
pp! ~t2 ~t2 at
p
S = 7TeV
MSTW2008 CTEQ6.6M
m ~t2 [GeV] 600 1000 600 1000
( )LO [pb] (9:06+4:22 2:66) 10 3 (9:64+4:83 2:97) 10 5 (6:63+2:70 1:78) 10 3 (6:76+2:86 1:88) 10 5
( )NLO [pb] (1:23+0:18 0:20) 10 2 (1:17+0:18 0:20) 10 4 (1:27+0:18 0:20) 10 2 (1:50+0:18 0:24) 10 4
( )NLO+NLL [pb] (1:30+0:13 0:12) 10 2 (1:31+0:05 0:09) 10 4 (1:33+0:13 0:13) 10 2 (1:64+0:07 0:11) 10 4
pdfNLO [%] 15 23 26 46
KNLO 1.36 1.22 1.92 2.21
KNLL 1.06 1.11 1.05 1.10
Table 6.2: The LO, NLO and NLO+NLL cross sections for stop-antistop production at the LHC
(
p
S=7 TeV), including errors due to scale variation () in the rangem~t=2    2m~t. Results
are shown for two PDF parametrisations (MSTW08 and CTEQ6) with the corresponding 90 %
C.L. PDF error estimates.
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pp! ~t1 ~t1 at
p
S = 14TeV
MSTW2008 CTEQ6.6M
m ~t1 [GeV] 100 400 100 400
( )LO [pb] (1:35+0:41 0:29) 103 1:67+0:62 0:42 (1:22+0:35 0:26) 103 1:40+0:49 0:34
( )NLO [pb] (1:75+0:26 0:22) 103 2:29+0:25 0:29 (1:63+0:23 0:19) 103 2:14+0:24 0:26
( )NLO+NLL [pb] (1:77+0:24 0:17) 103 2:34+0:21 0:21 (1:65+0:22 0:16) 103 2:19+0:20 0:19
pdfNLO [%] 2:8 6:2 2:6 8:6
KNLO 1.30 1.37 1.34 1.53
KNLL 1.01 1.02 1.01 1.02
pp! ~t2 ~t2 at
p
S = 14TeV
MSTW2008 CTEQ6.6M
m ~t2 [GeV] 600 1000 600 1000
( )LO [pb] 0:167+0:065 0:043 (6:13+2:51 1:65) 10 3 0:135+0:048 0:033 (4:71+1:72 1:17) 10 3
( )NLO [pb] 0:235+0:030 0:031 (7:63+0:65 0:92) 10 3 0:225+0:027 0:029 (7:65+0:62 0:90) 10 3
( )NLO+NLL [pb] 0:242+0:024 0:022 (7:98+0:36 0:51) 10 3 0:230+0:022 0:020 (7:97+0:35 0:50) 10 3
pdfNLO [%] 8:3 12 13 21
KNLO 1.41 1.24 1.66 1.62
KNLL 1.03 1.05 1.03 1.04
Table 6.3: The LO, NLO and NLO+NLL cross sections for stop-antistop production at the
LHC (
p
S=14 TeV), including errors due to scale variation () in the range m~t=2    2m~t.
Results are shown for two PDF parametrisations (MSTW08 and CTEQ6) with the corresponding
90 % C.L. PDF error estimates.
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6.2.2 Results for the transverse-momentum distribution
Let us now turn to the discussion of the transverse-momentum distributions. Figure 6.6 shows
a comparison between the LO, NLO and NLO+NLL distributions normalised to unity. We use
normalised distributions in order to be able to directly read oﬀ the NLO- and NLL-induced
changes in the shape of the distribution. As for the previous results, we have used the stop
mass as the central scale,  = m, in Figure 6.6. This is a possible choice as we do not consider
regions where pT  m and where a pT -dependent scale would have been mandatory. As already
observed in Ref. [35], the transverse momentum carried away by hard gluon radiation in higher
orders softens the NLO transverse-momentum distribution with respect to the LO distribution.
This eﬀect is particularly visible at the Tevatron and at the LHC with 7 TeV centre-of-mass
energy. The NLL soft-gluon resummation, on the other hand, does not aﬀect the shape of the
distribution signiﬁcantly. To elucidate the impact of the higher-order corrections more clearly,
we display the transverse-momentum dependence of the NLO and NLL K-factors in Figure 6.7,
this time using the transverse mass mT =
q
m2 + p2T as the scale. The signiﬁcant softening of
the transverse-momentum distribution at NLO at the Tevatron and the 7 TeV LHC is reﬂected
in the variation of the K-factor, with KNLO dropping from roughly 1:8 at small pT to a value
near one at pT  2m. In comparison, the impact of the NLL resummation is small. A similar
behaviour, albeit less pronounced, is observed at the LHC with 14 TeV centre-of-mass energy. It
would be interesting to see if using NLO+NLL transverse-momentum distributions would aﬀect
the experimental analyses, which so far have been based on LO Monte Carlo predictions. In this
context we recall that the shape of the stop rapidity distribution is not changed signiﬁcantly by
higher-order corrections, see Ref. [35].
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Figure 6.6: Normalised LO, NLO and NLO+NLL transverse-momentum distributions for stop-
antistop production at the Tevatron and the LHC for  = m~t1 .
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Figure 6.7: Transverse-momentum dependence of the NLO and NLL K-factors for stop-antistop
production at the Tevatron and the LHC for  = mT;~t1 .
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6.2.3 SUSY parameter dependence of stop and sbottom cross sections
In this section we shall investigate the dependence of the NLO+NLL stop and sbottom cross
section predictions on the supersymmetric model parameters that enter beyond LO, i.e. the mix-
ing angle and the masses of the light-ﬂavour squarks and the gluino. In the case of sbottom
production we shall in addition quantify the impact of the bottom-quark-induced reaction chan-
nels bb! ~bk~bk and bb=bb! ~bk~bk=~bk~bk, involving contributions from t-channel gluino exchange.
It will be demonstrated that the contributions of these partonic reaction channels are strongly
suppressed numerically. Thus, for all practical purposes, cross section predictions obtained for
stop-pair production also apply to sbottom-pair production when the same input parameters are
adopted.
We choose the SPS1a’ benchmark scenario [159] as our default. The SPS1a’ masses and
mixings relevant for stop and sbottom hadroproduction are collected in Table 6.4. Note that
the stop and sbottom masses predicted by the SPS1a’ and other commonly used benchmark
scenarios are beyond the reach of the Tevatron searches, as the corresponding production cross
sections are too small. The SPS1a’ NLO+NLL cross sections for stop and sbottom production
at the LHC are collected in Table 6.5. From the cross section predictions one can conclude that
only the lighter of the SPS1a’ stop mass eigenstates might be detected during the initial phase
of LHC data taking at 7 TeV with 1 fb 1 of integrated luminosity. Also a dedicated search for
sbottom production in SPS1a’-like scenarios will only be possible with higher LHC energies.
SPS1a’
m~t1 367 GeV m~b1 509 GeV m~q 560 GeV
m~t2 590 GeV m~b2 549 GeV m~g 610 GeV
sin 2~t 0.932 sin 2~b 0.652
Table 6.4: Masses and mixings for the SPS1a’ benchmark scenario [159] obtained using
SPheno [161] with the Standard Model input parameters mt = 172:5 GeV and s(MZ) = 0:120.
NLO+NLL [pb]SPS1a’
LHC (7 TeV) LHC (14 TeV)
~t1
~t1 0.379 3.71
~t2
~t2 1:48 10 2 0.268
~b1
~b1 4:23 10 2 0.611
~b2
~b2 2:51 10 2 0.405
Table 6.5: NLO+NLL SUSY-QCD cross sections for stop and sbottom pair production at the
LHC for the SPS1a’ benchmark scenario. The MSTW PDFs have been adopted and the scale
has been set to the mass of the particles produced.
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Therefore, to address the SUSY-parameter dependence and to study the impact of bottom-
quark-induced sbottom-pair production, we consider two diﬀerent scenarios that are within the
reach of the Tevatron and the early LHC phase. As we did in sections 6.2.1 and 6.2.2 we use
stop and sbottom masses of 100 (200) GeV at the Tevatron and 100 (400) GeV at the LHC,
respectively, and present results for various choices of the mixing angle and the light-ﬂavour
squark and gluino masses, see Table 6.6. Note that the NLL resummation only depends on
the ﬁnal-state particle mass. The dependence on the other SUSY parameters enters exclusively
through the NLO virtual corrections. The numbers listed in Table 6.6 reveal that the dependence
of the cross section on the mixing angle, the gluino mass, and the light-ﬂavour squark masses is
small indeed, with variations of at most 2 % both at the Tevatron and at the LHC.
Cross sections for ~b1
~b1 production are collected in Table 6.7. We compare the LO bottom-
quark-induced contributions with the LO and NLO+NLL predictions based on the stop-like
contributions that exclude bottom-quark initial states. Using the notation introduced in Section 2
and m2   m2~g  m2~b1 , the LO bottom-quark-induced contributions read [59]
^
(0)
bb!~b1~b1
=
2s CF
Nc s
"
m2~gs [1  cos(4~b)]
8(m2~gs+m
4 )
 
s+ 2m2~b1
3s
  1 + cos(4~b)
4
+
s+ 2m2 
2Nc s


+

m4  + sm2~g
Nc s2
  (s+ 2m
2 )[3 + cos(4~b)]
8s

log
 1   + 2m2 =s
1 +  + 2m2 =s
#
:
As these contributions depend on the gluino mass, we give results for m~g = 200; 500 GeV and
1 TeV. From the numbers presented in Table 6.7 it is clear that the bb! ~b1~b1 channel is always
strongly suppressed, with cross sections well below 1 % of the stop-like contributions. Bottom-
quark-induced t-channel gluino exchange also leads to ~b1~b1 and
~b1
~b1 ﬁnal states. The LO cross
section for these processes is given by [59]
^
(0)
bb!~b1~b1=
2s CF
Nc s
"
1 Nc
8Nc
[1  cos(4~b)] +
2m2~gs m4  + (2m2~gs+m4 ) cos(4~b)
8(m4  +m2~gs)


+

m4 (1  cos(4~b)) + 4sm2~g
4Nc s(s+ 2m2 )
  (s+ 2m
2 )(1  cos(4~b))
8s

log
 1   + 2m2 =s
1 +  + 2m2 =s
#
;
with the identical expression for the charge conjugate process bb ! ~b1~b1. The corresponding
numerical results for ~b1~b1 production are listed in Table 6.8. Also the ~bk~bk and
~bk
~bk processes are
suppressed by the small bottom-quark PDFs and never exceed the per-mille level with respect
to ~bk
~bk production.
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(pp=pp! ~t1~t1) [pb]
Tevatron (1.96 TeV) LHC (7 TeV) LHC (14 TeV)
m~t1 [GeV] 100 200 100 400 100 400
SPS1a’ default 15.9 0.253 423 0.218 1:77 103 2.34
sin 2~t =  1 15.9 0.255 425 0.222 1:78 103 2.39
0 15.9 0.254 423 0.219 1:77 103 2.36
+1 15.9 0.253 423 0.218 1:77 103 2.33
m~q = 200 GeV 15.8 0.248 423 0.217 1:77 103 2.34
500 GeV 15.9 0.252 423 0.218 1:77 103 2.34
1000 GeV 15.9 0.255 423 0.219 1:77 103 2.34
m~g = 200 GeV 15.8 0.251 421 0.214 1:76 103 2.29
500 GeV 15.9 0.253 423 0.217 1:77 103 2.33
1000 GeV 15.9 0.254 424 0.219 1:77 103 2.34
Table 6.6: The NLO+NLL cross sections for stop-antistop production at the Tevatron and the
LHC. We compare the SPS1a’ default input for the stop mixing angle and the light-ﬂavour squark
and gluino masses with various other choices for these SUSY parameters. Note that only one
parameter is changed at a time, while the others are kept at their default values. The MSTW
PDFs have been adopted and the scale has been set to the ﬁnal-state stop mass.
(pp=pp! ~b1~b1) [pb]
Tevatron (1.96 TeV) LHC (7 TeV) LHC (14 TeV)
m~b1 [GeV] 100 200 100 400 100 400
SPS1a’ default
NLO+NLL 15.9 0.253 423 0.218 1:77 103 2.34
LO 12.6 0.227 305 0.156 1:35 103 1.67
LO bb-channel only 0:404 10 2 0:330 10 4 0.275 0:346 10 3 1.40 0:564 10 2
LO bb-channel only
with m~g=200 GeV 0:986 10 2 0:870 10 4 0.659 0:667 10 3 3.35 0:111 10 1
500 GeV 0:454 10 2 0:399 10 4 0.309 0:408 10 3 1.58 0:665 10 2
1000 GeV 0:335 10 2 0:220 10 4 0.227 0:220 10 3 1.16 0:360 10 2
Table 6.7: The LO and NLO+NLL cross sections for sbottom-antisbottom production at the
Tevatron and the LHC. We compare the default SPS1a’ prediction for the stop-like contributions
with the LO contributions induced by bottom-quark initial states. The MSTW PDFs have been
adopted and the scale has been set to the ﬁnal-state sbottom mass.
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(pp=pp! ~b1~b1) [pb]
Tevatron (1.96 TeV) LHC (7 TeV) LHC (14 TeV)
m~b1 [GeV] 100 200 100 400 100 400
SPS1a’ default 0:111 10 2 0:188 10 4 0:716 10 1 0:205 10 3 0.362 0:306 10 2
m~g=200 GeV 0:568 10 2 0:518 10 4 0.335 0:242 10 3 1.64 0:376 10 2
500 GeV 0:157 10 2 0:247 10 4 0:994 10 1 0:234 10 3 0.500 0:349 10 2
1000 GeV 0:447 10 3 0:846 10 5 0:297 10 1 0:124 10 3 0.153 0:187 10 2
Table 6.8: The LO cross sections for ~b1~b1 production at the Tevatron and the LHC. The MSTW
PDFs have been adopted and the scale has been set to the ﬁnal-state sbottom mass.

7 Conclusions
We have performed the NLL resummation of soft gluon emission for all possible squark and gluino
pair production processes in hadronic collisions using the traditional resummation formalism in
Mellin space. In the ﬁrst considered case we have assumed mass degeneracy for the ﬁve light-
ﬂavour squarks and have excluded stops from the calculation. In particular we have considered
the ﬁnal states ~q~q; ~g~g; ~q~q; ~q~g with (~q 6= ~t). In the second case we have considered the production
of top squarks, i.e. ~t1~t1 and ~t2~t2, and bottom squarks.
The derivation of all analytical results required to obtain expressions for the partonic NLL-
resummed cross sections and transverse-momentum distributions has been explained in great
detail. The analytical results have been derived for a general SU(NC )-theory and s-channel
colour bases despite for the subprocess gg ! ~g~g where results are given for SU(3). For each
subprocess we have presented results for the colour-decomposed LO cross sections in momentum
and Mellin space and the one-loop soft anomalous dimension matrices including their threshold
limits. A special case is the subprocess qg ! ~q~g where the ﬁnal-state particles are not restricted
to have equal masses. We have shown that the perturbative expansion of the resummed partonic
cross section up to NLO accuracy exactly reproduces the threshold logarithms of the full NLO
result.
The resummed partonic cross sections have to be convoluted with parton distribution func-
tions in order to calculate predictions for hadronic cross sections. Furthermore, the inverse
Mellin transform has to be performed to obtain results in physical momentum space. For this
purpose we have chosen a contour corresponding to Minimal Prescription [108]. The numerical
implementation of the hadronic resummed cross section has been explained in detail. We have
used PDFs in N -space derived with a slightly modiﬁed version of the program Pegasus [145]
and an approach using standard parametrisations of PDFs in x-space. The numerical stability is
signiﬁcantly enhanced using PDFs in Mellin space, especially for gluon initial states. The NLL
results have been matched to the NLO corrections which are implemented in Prospino [92].
For the hadroproduction of light-ﬂavour squarks and gluinos NLO+NLL matched results
have been given for total cross sections for the Tevatron and for the LHC with a centre-of-mass
energy of 14 TeV. The NLL corrections lead to a signiﬁcant reduction of the scale dependence
and, in general, increase the NLO cross sections. The eﬀect of soft-gluon resummation is most
pronounced for processes with initial-state gluons and ﬁnal-state gluinos, which involve a large
colour charge. Speciﬁcally, at the Tevatron we ﬁnd an increase of the cross-section prediction of
up to 40 % at sparticle masses around 500 GeV when going from NLO to NLO+NLL, depending
in detail on the ﬁnal state and the ratio of squark to gluino masses. For the inclusive sparticle
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cross section at the Tevatron, summed over all pair production processes for squarks and gluinos,
the enhancement can be as large as approximately 15 % in the mass range up to 500 GeV, probed
by current experimental searches. At the LHC, the NLL corrections are particularly signiﬁcant for
squark-gluino production and gluino-pair production, reaching approximately 20 % and 30 %,
respectively, for sparticle masses around 3 TeV. Both at the Tevatron and at the LHC, the
inclusion of NLL corrections leads to a reduction of the scale dependence over the full mass
range that will be probed by experiments. In addition, the NLL corrections lead to a signiﬁcant
enhancement of the NLO cross-section predictions for heavy sparticles. Current limits at the
Tevatron can be shifted by up to 10 GeV.
For stop and sbottom hadroproduction we have considered both the inclusive cross sections
and the transverse-momentum distributions. Results have been given for the Tevatron and for
the LHC running at both 7 TeV and 14 TeV centre-of-mass energy. Compared to the NLO
predictions for the total cross section, the NLL corrections lead to a signiﬁcant reduction of the
scale dependence and increase the cross section by up to 10 % for masses in the TeV-range if the
renormalisation and factorisation scales are chosen close to the mass of the ﬁnal-state particles.
We have also studied the SUSY parameter dependence of the stop and sbottom cross sections
and ﬁnd small variations of at most 2 %. The size of bottom-induced contributions to sbottom-
pair production is numerically negligible so that predictions obtained for stop-pair production
also apply to sbottom-pair production when the same input parameters are adopted. Since pT
cuts are used extensively in experimental analyses, which at present are based on LO Monte
Carlo simulations, it is important to investigate how the NLO+NLL matched corrections aﬀect
the transverse-momentum distributions. We ﬁnd that the NLO+NLL corrections can change the
shape of the pT distribution considerably and thus generally cannot be taken into account by
using a simple K-factor.
The NLO+NLL matched cross sections and pT distributions presented in this thesis consti-
tute the state-of-the-art QCD predictions for the complete set of squark and gluino pair produc-
tion processes as well as for stop and sbottom production. The results play an important role to
improve current and future searches for coloured sparticles at the Tevatron and the LHC.
A Eikonal Feynman rules
In this appendix the eikonal Feynman rules will be given for a soft gluon with momentum k
attached to an eikonal line with momentum p. For details we refer to Section 4.2.1.
The eikonal line can be either a quark/squark or a gluon/gluino. We deﬁne dimensionless
vectors v by v =
p
2=s p, cf. Eq. (4.25), with v2 = 0 for the light incoming quarks or gluons
and v2 6= 0 for the outgoing heavy squarks or gluinos. In graphical representations the eikonal
line is shown as a double line. The generic diagrams and their corresponding Feynman rules,
cf. [117], are presented in Fig. A.1.
(a)
k
a b
µ, c
= (−igs) (T
c
F )ba (+v
µ) i
−v·k+iǫ
(b)
k
b a
µ, c
= (−igs) (T
c
F )ba (−v
µ) i
−v·k+iǫ
(c)
k
b a
µ, c
= (−igs)
(
−if abc
)
(+vµ) i
−v·k+iǫ
Figure A.1: Eikonal Feynman rules for a (s)quark (a), anti-(s)quark (b) and a gluon/gluino (c).
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Summarising the above eikonal Feynman rules, the propagator for a (s)quark, anti-(s)quark
or gluon/gluino eikonal line is given by
i
v  k + i ; (A.1)
with  = +1( 1) if the momentum k ﬂows in the same (opposite) direction as the dimensionless
vector v. The vertex for a (s)quark and anti-(s)quark eikonal line reads
 igs (T cF )ba v ; (A.2)
with  = +1 for a (s)quark and  =  1 for an anti-(s)quark. If the eikonal line is a gluon or
gluino the vertex is given by
 igs

 ifabc

v ; (A.3)
with  = +1( 1) for a gluon located below (above) the eikonal line. (T cF )ba are the generators
in the fundamental representation and fabc are the totally antisymmetric structure constants.
The indices of fabc are read anticlockwise.
B Mellin transforms
In this appendix we list the Mellin transforms used to turn the NLO scaling functions in mo-
mentum space to scaling functions in Mellin space, see Section 5.6.
The Mellin transform is deﬁned by
g(N) 
Z 1
0
dz zN 1 g(z) : (B.1)
The scaling functions in momentum space are deﬁned as functions of , with  =
p
1  z. In the
corresponding N -space expressions for the threshold logarithms logi(2) with i = 1; 2 we neglect
terms of relative order 1=N and constant terms.
The required integrals for a Born scaling function proportional to  are given by:Z 1
0
dz zN 1  =
p

2N3=2
; (B.2)
Z 1
0
dz zN 1  log (82) =
p

2N3=2
[  log (N)] ; (B.3)
Z 1
0
dz zN 1  log2 (82) =
p

2N3=2

log2 (N)  (4  2E + 2 log (2)) log (N)

: (B.4)
If the Born scaling function is proportional to 3, as it is the case in stop-antistop production,
the expressions read Z 1
0
dz zN 1 3 =
3
p

4N5=2
; (B.5)
Z 1
0
dz zN 13 log (82) =
3
p

4N5=2
[  log (N)] ; (B.6)
Z 1
0
dz zN 13 log2 (82) =
3
p

4N5=2

log2 (N) 

16
3
  2E + 2 log (2)

log (N)

: (B.7)
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C Relative contributions of diﬀerent initial states
to the total cross section
In this appendix we present the relative contributions of diﬀerent initial states to the total
hadronic cross section. We show results for all possible ﬁnal states at LO, NLO and NLO+NLL at
the hadronic level. We denote the initial-state channel by ij and distinguish between the possible
combinations quark-antiquark and quark-quark denoted by (ij = qq), gluon-gluon (ij = gg) and
quark-gluon (ij = qg). For each combination we include the charge-conjugated processes. At
leading order not all of the previously listed channels are possible depending on the ﬁnal state.
Further channels enter through higher orders. The relative importance of the diﬀerent initial
states have been used for the discussion of the numerical results in Chapter 5 and 6. In general,
the change in the weights when going from NLO to NLO+NLL is negligible. In Section C.1
we show results for squark and gluino pair production processes at the Tevatron and the LHC.
The results for stop-antistop production at the Tevatron and the LHC at 7 TeV and 14 TeV are
presented in section C.2. The setup for the numerical evaluation can be found in Chapter 5 and
Chapter 6, respectively.
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Squark–Antisquark:
Figure C.1: Relative contributions of the initial states qq; gg and qg to the total cross section at
the Tevatron. Shown are results for the mass ratio r = 1, the scale  = m and MSTW* 2008
PDFs [151].
Figure C.2: Relative contributions of the initial states qq; gg and qg to the total cross section
at the LHC. Shown are results for the mass ratio r = 1, the scale  = m and MSTW* 2008
PDFs [151].
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Figure C.3: Relative contributions of the initial states qq; gg and qg to the total cross section at
the Tevatron. Shown are results for the mass ratio r = 1, the scale  = m and MSTW* 2008
PDFs [151].
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Figure C.4: Relative contributions of the initial states qq; gg and qg to the total cross section
at the LHC. Shown are results for the mass ratio r = 1, the scale  = m and MSTW* 2008
PDFs [151].
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Squark–Squark:
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Figure C.5: Relative contributions of the initial states qq; gg and qg to the total cross section at
the Tevatron. Shown are results for the mass ratio r = 1, the scale  = m and MSTW* 2008
PDFs [151].
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Figure C.6: Relative contributions of the initial states qq and qg to the total cross section at the
LHC. Shown are results for the mass ratio r = 1, the scale  = m and MSTW* 2008 PDFs [151].
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Squark–Gluino:
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Figure C.7: Relative contributions of the initial states qq; gg and qg to the total cross section at
the Tevatron. Shown are results for the mass ratio r = 1, the scale  = m and MSTW* 2008
PDFs [151].
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Figure C.8: Relative contributions of the initial states qq; gg and qg to the total cross section
at the LHC. Shown are results for the mass ratio r = 1, the scale  = m and MSTW* 2008
PDFs [151].
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C.2 Stop-pair production
(a)
(b)
(c)
Figure C.9: Relative contributions of the initial states qq; gg and qg to the total cross section at
the Tevatron (a), the LHC at 7 TeV (b) and the LHC at 14 TeV (c). Shown are results for the
scale  = m~t1 and MSTW* 2008 PDFs [151].
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